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- JML Tool Demo: ESC/Java2 + Simplify

- Tool Demo: Caduceus + Coq



The Central Problem 
of Formal Methods



-  Abstract State Machines (B)

- Automata-based Models

- Process Algebra (Esterel)

- Set and Category Theory (Z, VDM, Charity)

- Algebraic SpeciÞcations (OBJ)

- Declarative Modeling (FP, LP, TRS)

- Preconditions and PostConditions

Models: Tools and Approaches



Part 1: model validation

- How to enforce, at the speciÞcation level, the desired 
behaviour?    

Prove properties about the model

The Central Problem of FM



- Proof Systems: 

Theorem Provers / Proof Assistants

- Model Checkers

Tools for 
Formal VeriÞcation



Part 2:  relation between speciÞcations and implementations

- How to obtain, from a speciÞcation, an implementation with 
the same behaviour?                 Extraction; Program Derivation

Or alternatively, 

- Given an implementation, how can it be checked that it 
obeys the speciÞcation?                 Testing; Program VeriÞcation

The Central Problem of FM



- From a proof of a logical property (typically concerning 
existential quantiÞcations), the Coq system is capable of 
extracting a program into a working programming language

Program Extraction



- Stepwise ReÞnement from SpeciÞcations to Programs

(Z, VDM, B, É)

- Two approaches to correctness: 

(i) the reÞnement steps generate proof obligations that must 
be discharged. Derivations are thus formally veriÞed.

(ii) the reÞnement process is itself veriÞed to be correct. The 
derived programs are then correct by construction.

Program Derivation



- Given a program and a speciÞcation, check that the former 
conforms to the latter. 

- This is the only applicable method in many situations 

- THIS LECTURE: an approach to program veriÞcation based 
on program annotation and Hoare Logic

Program VeriÞcation



Hoare Logic



- A formal system that is useful for

- Correct by construction program derivation 
extensive bibliography: 
Kaldewaij; Gries; Backhouse; Dijkstra 

- Our focus: Program VeriÞcation

- Formulas assert that if a given precondition 
holds prior to program execution, then a 
postcondition will hold after execution
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1. add variable type

2. deÞnesyntax and semanti cs of assertions (di! erent from bool expressions)

3. Hoare triples; their interpretation;

1 A n Imp erati ve Langua ge

Data typesand expression typesare rangedover respectively by ! and " in the following
typegrammar. The typeassert will beusedfor assertionsabout programs,not for program
constructs. In generalthe assertion language is an extension of boolean expressions.

! ::= bool | in t
" ::= var | exp [! ] | com | assert

The abstract syntax is given in Figure 1, whereV and L range over program and logical
variables; B and E range over boolean and integer expressions; C rangesover commands
and A over assertions. Note that thesesyntactic classescorrespond to elements of types
var , in t , exp [bool], exp [int ], com, and assert respectively, and as such the syntax
rules may alsobe read implicitly as typing rules (with variablescoerced into expressions).
I = { x, y, z, . . .} is a set of identiÞers of type in t . These are used both as programs
variables (V) or as logical variables (L) bound by quantiÞers.

The semantic interpretation is the usual. For the data types we have

[[bool]] = { true, false}

[[in t ]] = { . . . ! 2, ! 1, 0, 1, 2, . . .}

For expressionsa notion of state is intr oduced. A state is a function from program variables
to the interpretation of in t .1

1if variables of other types were available S would be a heterogeneousset , for instance S = I in t "
I b ool # [[in t ]] " [[bool ]] with the restr ict ion that x $ I ! impl ies s(x) $ [[! ]] for all s $ ! .
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Interpreted as expected:



V ::= x, y, z, . . .

L ::= x, y, z, . . .

B ::= tr ue | false
| B && B | B || B | !B
| E == E | E < E | E < = E | E > E | E > = E | E ! = E

E ::= . . . ! 2, ! 1, 0, 1, 2. . . | V | L
| ! E | E + E | E ! E | E " E | E div E | E mo d E

C ::= skip | C ; C | V := E | if E the n C else C | whi le (E) do C

A ::= tr ue | false
| A && A | A || A | !A | # L. A | $ L. A | A % A
| E == E | E < E | E < = E | E > E | E > = E | E ! = E

Figure 1: Abstract Syntax

! = I % [[in t ]]

Expressionsand commandsare interpreted as expected

[[exp [! ]]] = ! % [[! ]]!

[[com]] = ! % ! !

[[assert ]] = ! % { true, false}

Note that whereasa boolean expression may fail to terminate, the tr uth value of an asser-
tion can always be calculated.

Thus

2 Fl oyd-Ho are Logic

This is a formal systemto establishthe truth of formulas of the form

{ P} C { Q}

where P, Q : assert are closedwith respect to logical variables (all are bound by some
quantiÞer), and C : com contains no occurrences of logical variablesat all.
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Interpretation of Expressions
[[tr ue]](s) = true
[[false]](s) = false

[[n]](s) = n for n ! { . . . " 2, " 1, 0, 1, 2, . . .}

[[x]](s) =

!
s(x) if x ! dom(s)
# otherwise

[[ !e]](s) =

"
#$

#%

true if [[e]](s) = false
false if [[e]](s) = true
# if [[e]](s) = #

[[" e]](s) =

!
" [[e]](s) if [[e]](s) $= #
# if [[e]](s) = #

[[e1 %e2]](s) =

!
[[e1]](s) %[[e2]](s) if [[e1]](s) $= # and [[e2]](s) $= #
# otherwise

for % ! { && , || , == , < , < = , > , > = , ! = , + , " , &, div , mo d }

Figure 2: Semantics of Expressions

[[skip ]](s) = s

[[C1 ; C2]](s) = ([[C2]] ' [[C1]])(s)

where[[g ' f ]](s) =

!
# if [[f ]](s) = #
g(f (s)) otherwise

[[x := E]](s) =

!
s[x () [[E ]](s)] if [[E ]](s) $= #
# otherwise

[[if E1 t hen E2 else E3]](s) = cond([[E1]], [[E2]], [[E3]])(s)

and cond(p,f , g)(s) =

"
#$

#%

f (s) if p(s) = true
g(s) if p(s) = false
# otherwise

[[whi le (E) do C]] = ÞxF
whereF (f ) = cond([[E ]], f ' [[C]], ! x.x)

Figure 3: Semantics of Commands

3



Interpretation of Commands
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Interpretation of Assertions (1)

[[tr ue]](s) = true
[[false]](s) = false

[[ !a]](s) =

!
true if [[e]](s) = false
false if [[e]](s) = true

[[a1 && a2]](s) = [[a1]](s) and [[a2]](s)
[[a1 || a2]](s) = [[a1]](s) or [[a2]](s)

[[a1 ! a2]](s) = if [[a1]](s) then [[a2]](s)

[[e1 < e2]](s) =

!
[[e1]](s) < [[e2]](s) if [[e1]](s) "= # and [[e2]](s) "= #
false otherwise

[[e1 == e2]](s) =

!
[[e1]](s) = = [[e2]](s) if [[e1]](s) "= # and [[e2]](s) "= #
false otherwise

[[e1 < = e2]](s) = [[(e1 < e2) || (e1 == e2)]](s)
[[e1 > e2]](s) = [[ !(e1 < = e2)]](s)

[[e1 > = e2]](s) = [[ !(e1 < e2)]](s)
[[e1 ! = e2]](s) = [[ !(e1 == e2)]](s)

[[$ x. a]](s) = for every v %[[in t ]]! , [[a]](s)[x &! v] = true

[[' x. a]](s) = for somev %[[in t ]]! , [[a]](s)[x &! v] = true

Figure 4: Semantics of Assertions
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Interpretation of Assertions (2)

[[tr ue]](s) = true
[[false]](s) = false

[[ !a]](s) =

!
true if [[e]](s) = false
false if [[e]](s) = true

[[a1 && a2]](s) = [[a1]](s) and [[a2]](s)
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false otherwise

[[e1 == e2]](s) =

!
[[e1]](s) = = [[e2]](s) if [[e1]](s) "= # and [[e2]](s) "= #
false otherwise

[[e1 < = e2]](s) = [[(e1 < e2) || (e1 == e2)]](s)
[[e1 > e2]](s) = [[ !(e1 < = e2)]](s)

[[e1 > = e2]](s) = [[ !(e1 < e2)]](s)
[[e1 ! = e2]](s) = [[ !(e1 == e2)]](s)
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Hoare Triple Formulas

V ::= x, y, z, . . .

L ::= x, y, z, . . .

B ::= tr ue | false
| B && B | B || B | !B
| E == E | E < E | E < = E | E > E | E > = E | E ! = E

E ::= . . . ! 2, ! 1, 0, 1, 2. . . | V | L
| ! E | E + E | E ! E | E " E | E div E | E mo d E

C ::= skip | C ; C | V := E | if E the n C else C | whi le (E) do C

A ::= tr ue | false
| A && A | A || A | !A | # L. A | $ L. A | A % A
| E == E | E < E | E < = E | E > E | E > = E | E ! = E

Figure 1: Abstract Syntax

! = I % [[in t ]]

Expressionsand commandsare interpreted as expected

[[exp [! ]]] = ! % [[! ]]!

[[com]] = ! % ! !

[[assert ]] = ! % { true, false}

Note that whereasa boolean expression may fail to terminate, the tr uth value of an asser-
tion can always be calculated.

Thus

2 Fl oyd-Ho are Logic

This is a formal systemto establishthe truth of formulas of the form

{ P} C { Q}

where P, Q : assert are closedwith respect to logical variables (all are bound by some
quantiÞer), and C : com contains no occurrences of logical variablesat all.

2
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2meaning that if C executes in a state where P holds,
then if C terminates Q will hold upon termination



Semantics of Hoare Triples

Given by the following interpretation in {true, false}, 
using the semantics of assertions

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

P! " P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q " Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x #" e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5

P, Q may contain occurrences of program variables that 
do not occur in C. Such variables are called auxiliary



This is a partial notion of correctness since the 
program is not guaranteed to terminate.

If additionally the existence of sÕ is required, we are 
in the presence of total correctness formulas.

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5



Inference System

An inference system can be deÞned that derives only 
valid Hoare triples:  if 

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5

is derived then
The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,

using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5

[[tr ue]](s) = true
[[false]](s) = false

[[ !a]](s) =

!
true if [[e]](s) = false
false if [[e]](s) = true

[[a1 && a2]](s) = [[a1]](s) and [[a2]](s)
[[a1 || a2]](s) = [[a1]](s) or [[a2]](s)

[[a1 ! a2]](s) = if [[a1]](s) then [[a2]](s)

[[e1 < e2]](s) =

!
[[e1]](s) < [[e2]](s) if [[e1]](s) "= # and [[e2]](s) "= #
false otherwise

[[e1 == e2]](s) =

!
[[e1]](s) = = [[e2]](s) if [[e1]](s) "= # and [[e2]](s) "= #
false otherwise

[[e1 < = e2]](s) = [[(e1 < e2) || (e1 == e2)]](s)
[[e1 > e2]](s) = [[ !(e1 < = e2)]](s)

[[e1 > = e2]](s) = [[ !(e1 < e2)]](s)
[[e1 ! = e2]](s) = [[ !(e1 == e2)]](s)

[[$ x. a]](s) = for every v %[[in t ]]! , [[a]](s)[x &! v] = true

[[' x. a]](s) = for somev %[[in t ]]! , [[a]](s)[x &! v] = true

Figure 4: Semantics of Assertions

4



Skip and Composition

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5



Assignment

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5

Works backwards

Example:             {x+1=4} x := x+1 {x=4}



Conditional

The validity of such a formula is defined by the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P ]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P , Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, since the existence of
s! "= # is not guaranteed. If the existence of s! is required, we are in the presence of a total
correctness formula and write instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P ] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B ) do C { I && ÂB}

5

Can you spot a minor imprecision here? 



Loops
A fundamental notion: a loop invariant is a property that 
is preserved by the body of a loop, i.e. if it holds as a 
precondition together with the loop condition then it holds 
as a post-condition

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5

The identiÞcation of loop invariants is a crucial task



Logical Rules

We also need rules that relate assertions with 
speciÞcations. Preconditions can be strengthened or 
made disjuncts

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5



More Logical Rules

Postconditions can be weakened or made conjuncts

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5



More Logical Rules

0-ary cases for conjunction and disjunction

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

5



Example:  VeriÞcation by Hand
Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0) " x = X 0 " y = Y0}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

Note-se agora que 1 $ z =& 0 $ z pelo que se pode fortalecer a pr«e-condiüc÷ao nesta «ultima
asserüc÷ao: (em rigor dev«õamos desenhar aqui uma aplicaüc÷ao da lei da Consequöencia, mas n÷ao o
fazemos por ser impratic«avel)

1

Take the exponentiation function

We intend to write a program calcexp such that

In fact this needs to be reÞned with the help of 
auxiliary variables, not used by calcexp

{true} calcexp {w = exp(x,y)}



Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0) " x = X 0 " y = Y0}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

Note-se agora que 1 $ z =& 0 $ z pelo que se pode fortalecer a pr«e-condiüc÷ao nesta «ultima
asserüc÷ao: (em rigor dev«õamos desenhar aqui uma aplicaüc÷ao da lei da Consequöencia, mas n÷ao o
fazemos por ser impratic«avel)

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X0 " y = Y0} calcexp { w = exp(x, y) " x = X0 " y = Y0}

ou

{ x = X0 " y = Y0} calcexp { w = exp(X0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B} C { P }

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X0, ( z + 1) %1)} z := z+1 { P }

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X0, z)} z := z+1 { P }

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X0, z)} w := w*x { I " 0 $ z $ y " w = exp(X0, z)}

1



The loop condition: 

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

The loop invariant P: 

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

P will grant the postcondition upon termination



Invariant preservation

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Start with assignment axioms

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1



Invariant preservation

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

A second assignment axiom

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Note-se agora que 1 ! z =" 0 ! z pelo que se pode fortalecer a pr«e-condiüc÷ao nesta «ultima
asserüc÷ao: (em rigor dev«õamos desenhar aqui uma aplicaüc÷ao da lei da Consequöencia, mas n÷ao o
fazemos por ser impratic«avel)

:=
{ I # 1 ! z ! y # w $ x = exp(X 0, z)} w := w*x { I # z % 0 # w = exp(X 0, z)}

Nesta asserüc÷ao, sendo z % 1, aplica-seo segundo casoda deÞniüc÷ao de exp:

exp(X 0, z) = exp(X 0, z & 1) $ X 0

e sendo x = X 0 pode-se simpliÞcar

w $ x = exp(X 0, z) ' " w $ X 0 = exp(X 0, z)

' " w $ X 0 = exp(X 0, z & 1) $ X 0

' " w = exp(X 0, z & 1)

E escrevemos ent÷ao:

:=
{ I # 1 ! z ! y # w = exp(X 0, z & 1)} w := w*x { I # z % 0 # w = exp(X 0, z)}

Observe-seainda que 1 ! z ! y = 1 ! z ! y + 1 # z ! y = R # B . Ent÷ao o axioma pode ser
escrito como

:=
{ I # R # B # w = exp(X 0, z & 1)} w := w*x { I # z % 0 # w = exp(X 0, z)}

ou simplesmente

:= (A2)
{ P # B } w := w*x { I # z % 0 # w = exp(X 0, z)}

As duas derivaüc÷oespodem agora ser combinadas pela regra da sequenciaüc÷ao:

A2 A1
;

{ P # B } C { P}

E pode-se Þnalmente aplicar a regra do ciclo:

A2 A1
;

{ P # B } C { P}
While

{ P} while B do C { P # ÂB }

Passamosàscondiüc÷oesiniciais do invariante. P «e v«alido no in«õciodo ciclo porque a inicializaüc÷ao
de z e w assim o garante.

Basta escrever os seguintes axiomas de atr ibuiüc÷ao:

2

Simplifying and strengthening the precondition we get:



Thus

Considere-se a deÞniüc÷ao recursiva da exponenciaüc÷ao com expoente inteiro positivo:

exp(x, 0) = 1

exp(x, n + 1) = x ! exp(x, n)

E seja calcexp o seguinte programa:

z := 1;
w := 1;
while z <= y do

w := w * x;
z := z + 1;

Pretende-seprovar a correcüc÷ao deste programa, expressa pela seguinte asserüc÷ao:

{ x = X 0 " y = Y0} calcexp { w = exp(x, y) " x = X 0 " y = Y0}

ou

{ x = X 0 " y = Y0} calcexp { w = exp(X 0, Y0)}

Sejam

C # w := w*x; z := z+1

I # x = X 0 " y = Y0

R # 1 $ z $ y + 1

B # z $ y

Temos como invariante de ciclo

P # I " R " w = exp(X 0, z %1)

O primeiro passo consiste em provar a preservaüc÷ao do invariante:

{ P " B } C { P}

Comeücamos por escrever os seguintes axiomas:

:=
{ I " 1 $ z + 1 $ y + 1 " w = exp(X 0, ( z + 1) %1)} z := z+1 { P}

que simpliÞcamos:

:= (A1)
{ I " 0 $ z $ y " w = exp(X 0, z)} z := z+1 { P}

e:

:=
{ I " 0 $ z $ y " w ! x = exp(X 0, z)} w := w*x { I " 0 $ z $ y " w = exp(X 0, z)}

1

Note-se agora que 1 ! z =" 0 ! z pelo que se pode fortalecer a pr«e-condiüc÷ao nesta «ultima
asserüc÷ao: (em rigor dev«õamos desenhar aqui uma aplicaüc÷ao da lei da Consequöencia, mas n÷ao o
fazemos por ser impratic«avel)

:=
{ I # 1 ! z ! y # w $ x = exp(X 0, z)} w := w*x { I # z % 0 # w = exp(X 0, z)}

Nesta asserüc÷ao, sendo z % 1, aplica-seo segundo casoda deÞniüc÷ao de exp:

exp(X 0, z) = exp(X 0, z & 1) $ X 0

e sendo x = X 0 pode-se simpliÞcar
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:= (A3)
{ I ! 1 " z " y + 1 ! 1 = exp(X 0, z # 1)} w := 1 { P}

e:

:=
{ I ! 1 $ 1 ! 1 = exp(X 0, 1 # 1)} z := 1 { I ! 1 " z " y + 1 ! 1 = exp(X 0, z # 1)}

Util izando o casode baseda deÞniüc÷ao de exp e simpliÞcando:

:= (A4)
{ I } z := 1 { I ! 1 " z " y + 1 ! 1 = exp(X 0, z # 1)}

Pode-seagora combinar A3 e A4 pela regra da sequenciaüc÷ao:

A4 A3
;

{ I } z := 1; w := 1 { P}

Apl icamosagora uma vez mais a regra da sequenciaüc÷ao:

A4 A3
;

{ I } z := 1; w := 1 { P}

A2 A1
;

{ P ! B } C { P}
While

{ P} while B do C{ P ! ÂB }
;

{ I } z := 1; w := 1; while B do C{ P ! ÂB }

Finalmente, note-se que R ! ÂB %& z = y + 1, pelo que

P ! ÂB %& I ! R ! w = exp(X 0, z # 1) ! ÂB

%& I ! w = exp(X 0, z # 1) ! z = y + 1

=& I ! w = exp(X 0, y)

=& I ! w = exp(X 0, Y0)

Terminamosent÷ao a prova enfraquecendo a p«os-condiüc÷ao pela regra da consequöencia:

A4 A3
;

{ I } z := 1; w := 1 { P}

A2 A1
;

{ P ∧ B } C { P}
While

{ P } while B do C { P ∧ ÂB }
;

{ I } z := 1; w := 1; while B do C { P ∧ ÂB } P ∧ ÂB =⇒ I ∧ w = exp(X 0, Y0)

{ I } z := 1; w := 1; while B do C { I ∧ w = exp(X 0, Y0)}

3
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3

Similarly for the initializations, going backwards



Sequencing:

:= (A3)
{ I ! 1 " z " y + 1 ! 1 = exp(X 0, z # 1)} w := 1 { P}

e:

:=
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Util izando o casode baseda deÞniüc÷ao de exp e simpliÞcando:

:= (A4)
{ I } z := 1 { I ! 1 " z " y + 1 ! 1 = exp(X 0, z # 1)}

Pode-seagora combinar A3 e A4 pela regra da sequenciaüc÷ao:

A4 A3
;

{ I } z := 1; w := 1 { P}

Apl icamosagora uma vez mais a regra da sequenciaüc÷ao:

A4 A3
;

{ I } z := 1; w := 1 { P}

A2 A1
;

{ P ! B } C { P}
While

{ P} while B do C{ P ! ÂB }
;

{ I } z := 1; w := 1; while B do C{ P ! ÂB }

Finalmente, note-se que R ! ÂB %& z = y + 1, pelo que

P ! ÂB %& I ! R ! w = exp(X 0, z # 1) ! ÂB

%& I ! w = exp(X 0, z # 1) ! z = y + 1

=& I ! w = exp(X 0, y)

=& I ! w = exp(X 0, Y0)

Terminamosent÷ao a prova enfraquecendo a p«os-condiüc÷ao pela regra da consequöencia:

A4 A3
;

{ I } z := 1; w := 1 { P}

A2 A1
;

{ P ! B } C { P}
While

{ P } while B do C { P ! ÂB }
;

{ I } z := 1; w := 1; while B do C { P ! ÂB } P ! ÂB =" I ! w = exp(X 0, Y0)

{ I } z := 1; w := 1; while B do C { I ! w = exp(X 0, Y0)}

3

and the postcondition can be weakened:

:= (A3)
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While

{ P } while B do C { P ! ÂB }
;
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Dealing with Arrays

Arrays can be treated as families of variables indexed by 
integers.              

Naive axiom:

The validit y of such a formula is deÞnedby the following interpretation in { true, false} ,
using the semantics of assertions.

[[{ P} C { Q} ]] = if [[P]](s) then [[Q]](s!)

for all states s,s! ! ! such that [[C]](s) = s!.

Note that P, Q may contain occurrences of program variables that do not occur in C.
Such variables are called auxiliary.

The above notion corresponds to partial correctness judgments, sincethe existenceof
s! "= # is not guaranteed. If the existenceof s! is required,we are in the presenceof a total
correctnessformula and writ e instead { P} C { Q} .

{ P} C { Q} and C terminates $ [P] C [Q]

P! % P { P} C { Q}

{ P!} C { Q}

{ P} C { Q} Q % Q!

{ P} C { Q!}

{ P1} C { Q} . . . { Pn} C { Q}

{ P1 || . . . || Pn} C { Q}

{ P} C { Q1} . . . { P} C { Qn}

{ P} C { Q1 && . . . && Qn}

{ false} C { Q} { Q} C { tr ue}

{ P} skip { P} { Q[x &%e]} x := e{ Q}

{ P} C1 { Q} { Q} C2 { R}

{ P} C1; C2 { R}

{ P && B} Ct { Q} { P && !B} Cf { Q}

{ P} if B t hen Ct else Cf { Q}

{ I && B} C { I }

{ I } whi le (B) do C { I && ÂB}

Arrays axioms:

{ Q[ai &%e]} ai := e{ Q}

5WhatÕs wrong?



Dealing with Arrays

{ Q[a !" a(i,e) ]} ai := e{ Q}

and

a(i,e)
k =

!
ak for k #= i
e for k = i

6

The solution is to substitute arrays monolithically



Procedures / Functions

- Introduce functional component in the 
language (ALGOL-style)

- Allows for recursive deÞnitions and an 
additional source of non-termination

- Two classes of identiÞers: assignable variables 
and abstraction variables

- QuantiÞers can be formalized with lambdas



f(x) {
 return  x+k;
}

Interference

{a = f (b)} k := k+1 {a = f (b)}



Pointers

{*q = x} *p:= *p+1 {*q = x}

Classic problems...



Total Correctness
{ Q[a !" a(i,e) ]} ai := e{ Q}

and

a(i,e)
k =

!
ak for k #= i
e for k = i

Total Correctness:

[I && B && V == n] C [I && V < n] I && B " V > = 0

[I ] whi le (B) do C [I && ÂB]

6

The identiÞcation of a decreasing variant expression
is necessary to gurantee that every loop terminates



Realistic Languages

The problems that need to be addressed seem 
daunting, however:

-all have been studied at the theoretical level
(beyond our scope)

-most importantly, tools exist that support full 
languages (including object-oriented features)



Funüc÷ao de Part iüc÷ao

i nt par t i t i on ( i nt A[ ] , i nt p, i nt r )
{

x = A[ r ] ;
i = p- 1;
f or ( j =p ; j <r ; j ++)

i f ( A[ j ] <= x) {
i ++;
swap( A, i , j ) ;

}
swap( A, i +1, r ) ;
r et ur n i +1;

}

voi d swap( i nt X[ ] , i nt a, i nt b)
{ aux = X[ a] ; X[ a] = X[ b] ; X[ b] = aux; }

Funüc÷ao de part iüc÷ao executa em tempo linear D (n) = ! (n).

64

Exercise 1

1. Write speciÞcation
2. Prove correctness of function



Exercise 2

1. Write a SpeciÞcation
2. Examine suggested implementation
3. Identify loop invariant
4. Check initial conditions and presevation
5. Identify loop variant
6. Check Þnal conditions

Recall the partition function used by the 
quicksort algorithm.     Verify informally:



Funüc÷ao de Part iüc÷ao

i nt par t i t i on ( i nt A[ ] , i nt p, i nt r )
{

x = A[ r ] ;
i = p- 1;
f or ( j =p ; j <r ; j ++)

i f ( A[ j ] <= x) {
i ++;
swap( A, i , j ) ;

}
swap( A, i +1, r ) ;
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}

voi d swap( i nt X[ ] , i nt a, i nt b)
{ aux = X[ a] ; X[ a] = X[ b] ; X[ b] = aux; }

Funüc÷ao de part iüc÷ao executa em tempo linear D (n) = ! (n).

64



An«alise de Correcüc÷ao Ð Invariante

No in«õcio de cada iteraüc÷ao do ciclo f or tem-separa qualquer posiüc÷ao k do vector:

1. Se p ! k ! i ent÷ao A[k] ! x;

2. Se i + 1 ! k ! j " 1 ent÷ao A[k] > x;

3. Se k = r ent÷ao A[k] = x.

p i j r
! ! ! !! "# $

! x

" " " " " "! "# $
> x

# # # # #! "# $
??

x

# VeriÞcar as propriedades de inicializaüc÷ao (j = p, i = p " 1),
preservaüc÷ao, e terminaüc÷ao (j = r )

# o que fazem as duas «ultimas instruüc÷oes?

65Algorithms slide



Something Missing!

- It is still required to check that the elements are the same in 
the input and in the output arrays!

- A particular case of the problem of specifying that two 
arrays contain the same elements 

- And same number of occurences: multiset equality, rather than 
set equality

Jump Forward



54 7. A VeriÞcationConditions Generator: Caduceus

H22 : p <= k
H23 : k <= i + 1
H19 : not_assigns alloc intM_gl obal0 intM_global1

(pset_union (pset_singleton (shift A j0))
(pset_singleton (shift A (i + 1))))

H20 : shift A (i + 1) # intM_glo bal1 = shift A j0 # intM_global0
H13 : forall k : Z,

p <= k <= i -> shift A k # intM_g lobal0 <= shift A r # intM_global
HW_14: shift A j0 # intM_global 0 <= shift A r # intM_global
______________________________________(1/3)
shift A k # intM_global1 <= shif t A r # intM_global

Pro of Script

assert (h : k <=i \/ k = i+1). omega.
inversion_clear h ; [ rewrite H19; intuition | subst; rewrite H20; intuition].

Figur e 7.15 Preservation of invariant of part ition with swap funct ion (fr ag-
ment)

A lesson to be learnt here is that code reuseleadsto veriÞcation reuse: the
post-condition s and assignment conditi ons of swap have been proved once and
for all, and can be reused at will whenever necessary.

7.3.4 Pre serv ati on of Arr ay Elemen t s

Wehave thus far been focusing on oneaspect of the functionalit y of partition ,
and overlooking another, equally important property: the elements contained in
the parti tioned array are the same as those in th is ini tial array. More precisely,
the multi set of elements in the array is preserved, i.e. not only the elements are
the same but the number of occurrences of each element is preserved.

Another way of stat ing thi s is that there exists a bijection on the set of in-
dicesthat establishesa permutat ion between the two arrays. This is an essenti al
property to prove for sorting algorithms. In fact , we will be using partition
as an auxil iary function for the quicksort algorith m in Section ??.

It is not easy to formalise thi s propert y. As a Þrst attempt , consider the
following Þrst-order formula

! k : p " k " r : ( #l : p " l " r : A[k] = B [l ] $ A[l ] = B [k] )

This indeed implies that B is a permutation of A. Notice that partition
essentially performs a sequence of swaps on the initi al array, and clearly swap
satisÞesthis propert y, written asthe following post-condition (seeExercise7.8).

A Þrst attempt

WhatÕs wrong with it?



Second attempt

7.3 Example:Partiti on 55

@ (\forall int k; p <= k <= r =>
@ (\exists int l; p <= l <= r =>
@ A[k] == \old(A[l]) && A[l] == \old(A[k])))

The problem is that thi s property is stronger than what is desired: it only
covers the cases in which B is directly obtained from A by swapping pairs of
elements (i.e. each element may only be swapped onceÐin mathematical terms
the biject ion between A and B is said to be an involuti on). It is indeed easy to
see that a sequenceof swaps producesan array that is no longer related to the
original in this way:

1 2 3 4 ! " 2 1 3 4 ! " 2 1 4 3 ! " 2 4 1 3

The property is thus not a post-condition of partition (Exercise 7.9).
Now consider thefollowing alternative formalisation, which stat es that every

element in each array must occur in the other array, i.e. it accounts for the
preservation of the set of elements.

#k : p $ k $ r : ( %l : p $ l $ r : A[k] = B [l ] )
&

#k : p $ k $ r : ( %l : p $ l $ r : B [k] = A[l ] )

Admit tedly, th is property is too weak since it does not take into account the
number of occurrences (necessary for multi set preservation). For instance the
arrays 1 2 2 and 2 1 1 satisfy the condition . It is however adequateif we assume
no repeated elements occur in the array, and moreover it is su! cient for proving
that quicksort producessorted sequences.

An addition al property of partition that will be required is that it does
not modify the contents of positions of the array outside the range [p .. r] .
This could be included as an assigns clausebut it is perhaps easier to tr eat
it as the following post-condition

#k : k < p ' k > r : A[k] = \ old(A[k])

Figure 7.16shows the Þnal version of partition with the required annota-
tions. We remark that a small modiÞcation has to be made in the code: swap
now has two more arguments corresponding to the Þrst and last positions in
the rangeof the array referred in the new post-condition s. The only goal of this
modiÞcation is to facili tate the veriÞcation process.We could alternatively have
chosen not to include these addition al post-condition s in swap, since they fol-
low from the Þrst post-condition and the assigns clause, and could be proved
when required for the veriÞcation of the post -condition s and invariant preserva-
tion of partition . Our choice results, however, in a more modular and easier
veriÞcation.

WhatÕs wrong with it?



Third attempt
Use a logical theory for multi-sets and a function mset 
that abstracts an array into the multiset of its elements

This requires a prover with support for theories 
like sets, multisets, sequencesÉ or else user-deÞned 
theories

mset (A) = mset (B)



Program Annotation 
and

Automated Static 
Checking



Why Annotate Programs?

- A practical and accessible interface speciÞcation method

- Specify the semantics together with the syntax

- Do not worry about following a prescribed design method, 
as is the case with most formal methodologies

- ÒLightÓ formal methods for everyday programmers?



Applications

- Dynamic checking

- Test-case generation

- Static Checking

- Documentation: register design decisions and 
implementation steps

- Design by Contract



Design by Contract

- A software development method, initiated with Eiffel, based 
on contracts between clients and classes
(dynamically-checked)

- Client guarantees certain (pre-)conditions before invoking 
methods and may then assume other (post-)conditions after 
invocation



Design by Contract

- Class must ensure certain (post-)conditions hold after 
methods have been called and may for this effect assume 
given (pre-)conditions

- Advantages: reasoning/modularity; blame assignment; 
eliminate defensive checking (practical and efÞcient!!!)



- A standard annotation language for JML

- Is itself very close to Java (easy to learn)

- Many tools have adhered to the standard and are now 

JML-compliant

- Imperative subset has been adapted to other languages (C)

JML
(Java Modelling Language)



JML Assertions

¥ preconditions: keyword requires

¥ postconditions: keyword ensures

¥ (class and loop) invariants: 

keywords invariant  

and loop_invariant



JML Assertions

¥ Added as special comments in Java Þles

/*@ ... @*/

//@ ...

¥ Properties written as Java boolean expressions

¥ With extra operators...



JML Operators

¥ QuantiÞcation: 

(\forall ... ; ... ; ...)     
(\exists ... ; ... ; ...)

¥ variable value at entry: \old(...)

¥ method return value: \result



Class Invariants

¥ Universal properties of class and instance 
variables (valid all the time)

¥ Must be preserved by all the methods in a 
class

¥ Implicitly, it is as if they were part of every pre- 
and postcondition



Other JML Stuff

¥ exceptions (keyword signals )

¥ frame conditions

¥ pure methods: pure

¥ non_null annotations

¥ ad hoc assertions: \assert



Static Checking 

- Dynamic checking veriÞes only the execution paths followed 
in one run of the program

- Static checking examines all possible execution paths

- The location of the warnings that are issued is not where 
they occur (as in run-time) but where they are created

- Typically unsound and incomplete to increase cost-
effectiveness (automatic theorem prover, not interactive)



Underlying Architecture
(general)

Annotated 
Program

VCGen

Proof
Obligations

Proof
Tool

Hoare Logic

First Order Logic

Counter
Examples???



ESC/Java and ESC/Java2

- Development Story: DEC / Compaq / HP research labs

- ESC/Java2: Kodak and UC Dublin researchers

(update to cover full JML and recent versions of Java)

- JML-based; attempts to check consistency of code with 
annotations automatically 

- Current versions use the Simplify  theorem prover



ESC/Java and ESC/Java2

- Typical successful checks: null dereferencing; out-of-bounds 
array indexes (run-time exceptions).           Safety checking

- Annotations may both suppress warnings (pre-condition 
prevents warning) and generate new warnings (pre-
conditions may possibly not be met)



DEMO

ESC/Java2 eclipse plugin

swap / partition example

Jump back



54 7. A VeriÞcationConditions Generator: Caduceus

H22 : p <= k
H23 : k <= i + 1
H19 : not_assigns alloc intM_gl obal0 intM_global1

(pset_union (pset_singleton (shift A j0))
(pset_singleton (shift A (i + 1))))

H20 : shift A (i + 1) # intM_glo bal1 = shift A j0 # intM_global0
H13 : forall k : Z,

p <= k <= i -> shift A k # intM_g lobal0 <= shift A r # intM_global
HW_14: shift A j0 # intM_global 0 <= shift A r # intM_global
______________________________________(1/3)
shift A k # intM_global1 <= shif t A r # intM_global

Pro of Script

assert (h : k <=i \/ k = i+1). omega.
inversion_clear h ; [ rewrite H19; intuition | subst; rewrite H20; intuition].

Figur e 7.15 Preservation of invariant of part ition with swap funct ion (fr ag-
ment)

A lesson to be learnt here is that code reuseleadsto veriÞcation reuse: the
post-condition s and assignment conditi ons of swap have been proved once and
for all, and can be reused at will whenever necessary.

7.3.4 Pre serv ati on of Arr ay Elemen t s

Wehave thus far been focusing on oneaspect of the functionalit y of partition ,
and overlooking another, equally important property: the elements contained in
the parti tioned array are the same as those in th is ini tial array. More precisely,
the multi set of elements in the array is preserved, i.e. not only the elements are
the same but the number of occurrences of each element is preserved.

Another way of stat ing thi s is that there exists a bijection on the set of in-
dicesthat establishesa permutat ion between the two arrays. This is an essenti al
property to prove for sorting algorithms. In fact , we will be using partition
as an auxil iary function for the quicksort algorith m in Section ??.

It is not easy to formalise thi s propert y. As a Þrst attempt , consider the
following Þrst-order formula

! k : p " k " r : ( #l : p " l " r : A[k] = B [l ] $ A[l ] = B [k] )

This indeed implies that B is a permutation of A. Notice that partition
essentially performs a sequence of swaps on the initi al array, and clearly swap
satisÞesthis propert y, written asthe following post-condition (seeExercise7.8).

WhatÕs wrong with it?
Too Strong! However, ESC/Java proves this

(an example of unsoundness)

Limitations Highlighted by 
Partition Example!



Second attempt

7.3 Example:Partiti on 55

@ (\forall int k; p <= k <= r =>
@ (\exists int l; p <= l <= r =>
@ A[k] == \old(A[l]) && A[l] == \old(A[k])))

The problem is that thi s property is stronger than what is desired: it only
covers the cases in which B is directly obtained from A by swapping pairs of
elements (i.e. each element may only be swapped onceÐin mathematical terms
the biject ion between A and B is said to be an involuti on). It is indeed easy to
see that a sequenceof swaps producesan array that is no longer related to the
original in this way:

1 2 3 4 ! " 2 1 3 4 ! " 2 1 4 3 ! " 2 4 1 3

The property is thus not a post-condition of partition (Exercise 7.9).
Now consider thefollowing alternative formalisation, which stat es that every

element in each array must occur in the other array, i.e. it accounts for the
preservation of the set of elements.

#k : p $ k $ r : ( %l : p $ l $ r : A[k] = B [l ] )
&

#k : p $ k $ r : ( %l : p $ l $ r : B [k] = A[l ] )

Admit tedly, th is property is too weak since it does not take into account the
number of occurrences (necessary for multi set preservation). For instance the
arrays 1 2 2 and 2 1 1 satisfy the condition . It is however adequateif we assume
no repeated elements occur in the array, and moreover it is su! cient for proving
that quicksort producessorted sequences.

An addition al property of partition that will be required is that it does
not modify the contents of positions of the array outside the range [p .. r] .
This could be included as an assigns clausebut it is perhaps easier to tr eat
it as the following post-condition

#k : k < p ' k > r : A[k] = \ old(A[k])

Figure 7.16shows the Þnal version of partition with the required annota-
tions. We remark that a small modiÞcation has to be made in the code: swap
now has two more arguments corresponding to the Þrst and last positions in
the rangeof the array referred in the new post-condition s. The only goal of this
modiÞcation is to facili tate the veriÞcation process.We could alternatively have
chosen not to include these addition al post-condition s in swap, since they fol-
low from the Þrst post-condition and the assigns clause, and could be proved
when required for the veriÞcation of the post -condition s and invariant preserva-
tion of partition . Our choice results, however, in a more modular and easier
veriÞcation.

WhatÕs wrong with it?
Too weak! However, ESC/Java fails to prove it

(an example of incompleteness)


