Anothe r e xample of de pendent PTS

I C" is an extension of the Ca Iculus os Condr uctions.

S = I,y Ji"N
' C A = (ito), Pittig) 0" N
R = (l’l)’ (!ii!)’ (!1!i)1 (|'1'11'max(|,1)) ’i’j "N
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Properties of PTS

Substitution property
If ', x:B," # M:A and! # N:B ,then ! " [x:= N] # M[x:= N]:A[x:=N].

Coarectness of typ es
If ' # A:B, theneither B" S or $s" S.! # B :s.

Thinning
If ' # A:B islegaland ! %" , then " # A:B.

Str engthen ing
If 11,x:A/l,# M :B and x&FV(I,)' FV(M)' FV(B), then !,1, # M :B .
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Properties of PTS ( cont.)

[

ConfRuence

Let M,N" T .If M=-N,then M—- P and N—+ P forsome P" T . ]

[

Subje ct Re duction
f ' #M:A and M" - N ,then | # N:@A.

Uniqueness of typ es
f!'#M:A and! # M:B ,then A=.-B.

Holdsif A<jS! Sand R<j(S! S)! Sarefunctions
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Type Checking, Type Inf erence and Type Inha bitat ion

Problems one would like t o have an algorithm f or:

4 )

Type Checking Problem (TCP) ! !T M :A ?

Type Synthe sis Problem (TSP) 1+ M ?

Type Inha bitation Problem (TIP) ~ T" 1 + 2 : A

In practice, TCP ard TSP are very much related:

When checking whether M N : C one hastoinferatyp efor N, say A,
and atyp e for M, say D, and thent o check whether f or some B,
D=, #x:AwB ith B[x:= N]=, C

¥ For I" all the se problems are decidable.

¥ TIP is undecidable for extensions of I (as it ¢ orresponds to the p rovability
in some logic).

. J/
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Str ong Normalization and Decidability of Type Checking

Nor malization and Type Checking are intimately connected due t o conversion r ule.

Strong Normalization (SN)

if I I MthAna [I I -reductions from M t erminate.

SN holds for some PTS (e.g., all subsysems of ! C) and for some not (e.g., ! U# I'1).

A PTS is (weakly or str ongly) normalizing ifallits | egal t erms are (weakly or
str ongly) nor malizing.

Decidability of Type Checking

In a PTS tha tis (weakly or str ongly) nor malizing and with S Pnite, the p roblems of
typ e checking and typ e synthe sis are decidable.
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Barendregt® ! -Cube

Barendregt® ! -Cube was proposed as a Pne-grained analysis of the Calculus of
GCond ructions

p
The ! -Cube

The cube of typ ed lambda calculi consids of eig ht PTS all of them ha ving
S={#L}lan d A= {#:lah d the r ules for each system as follows:

System R

#" (# %)

#2 ##) (O .,%

#P (#,#) #!)

#% (##) ¢.1)
#% #H (.89 (,")
#P2 ## (.9 #H!)

#P % (#,#) #') (.,")
#C #H (.8 &) (.,Y)
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The ! -Cube

Note that a rrows denacte inclusion of o ne system in ancther.

1 2 ' B2
(' ’*) l!ll !!"Pll
1 o
| |!) ,|!!'
!!(!]' " I
| »—(!)—P
Dependencies

Let u s call OtypesOt o the pseudo-t erms of typ e | and OkirdsOt o the pseu do-t erms

oftype! .
[term: typ e : kind ]

¥ (!, ') Terms depending on terms (functions)

# (Ix:".x):"1v "
¥ (! , 1) Terms depending on typ es. (polymor phism)

# (M "IxcEX) DV EHD #
¥ (1,1 ) Types depending on terms (dependent fu nctions)

A:1LLP:A" I # (la:Alx:Pax):!a:A.Pa" Pa

¥0,1) Types depending on typ es. (constr uctors of a kin d)

#o(mormroryo
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Logics as PTS

Other e xamples of PTS were given by Berardi who debPned logical systems as PTS

Eight systems of intuitionistic logic will be in tr oduced that ¢ orrespond in some
sense to the systems in the ! -cube. Four systems of proposition logic and f our
sysems of many-sorted predicate logic.

' PROP | proposition logic

I PROP2 | second-order proposition logic

I PROP# | weakly higher-order proposition logic
I PROP# | higher-order proposition logic

' PRED | predicate logic

' PRED2 | second-order predicate logic

I PRED# | weakly higher-order predicate logic

I PRED# | higher-order predicate logic

49

Salient f eatures

¥ All the sys tems are minimal | ogics in the sense tha t the o nly | ogical operators
are <rand <|.

¥ However, for the se cond and higher-order systems the operators A <x <yand

<}, as well as Leibeniz® equality a re all debnable.

¥ Classical versions of the | ogics in the u pper-plane (of the cube ) are obtained
easily (by adding the ax iom <[$.A% " $).
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Berardi® Logic Cube

The Logic Cube

The cube of | ogical typ ed lambda calculi consigs of the f ollowing eight PTS.

Each of them ha s S

A

Prop, Set Type®, Type®
(Prop: Type®), (Set: Type®)

and the r ules for each of the sys tems are

System R

I PROP
(Prop, Prop)

I PRORP2
(Prap, Prop) (Type®, Prop)

| PROP (Type®, TypeP)
(Prop, Prop)

| PROP' (Type®, TypeP)
(Prop, Prop) (Typée®, Prop)

| PRED | (Set Sel) (Set, Type?)

(Prop, Prop) (Set, Prop)

| PRED2 | (Set Sel) (Set, Type?)

(Prop, Prop) (Set Prop) (Type®, Prop)

| PRED' | (Set, Sel) (Set, Type®) (Type®, Sel) (Type®, Type?)
(Prop, Prop) (Set, Prop)

| PRED' | (Set, Sel) (Set, Type®) (Type®, Sel) (Type®, TypeP)
(Prop, Prop) (Set Prop) (Type®, Prop)

.

Set is the ¢ lass of sets and Prop is the ¢ lass of propositions

The Logic Cube

| PF v I PF '
! F;RQP ! F;RﬁD

N

| PROP—('.! 'l PRED




Dependencies

The sorts Set and Type%form the u niverses of domains

¥ A" .." ApWw # ith ! : Setare functional typ es.

¥ A" LY Ap" Rrop  re predicate typ es.

The sort Typel llows the in tr oduction of variables of typ e Set.

¥ (Prop, Prop) allows the f ormation of implication of tw o for mulae

I Prop," :Prop ! ! : Prop

¥ (Set, Prop) allows quartibcation over sets

A : Set" :Prop p x,;ﬁ\. % Prop

I X:A !
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Dependencies (cont.)

¥ (Set, Type% allows the f ormation of br st-order predicates

A:Set! A" Prop: Type’
hence A:SetP :A—Prop,x:A = Px:Prop

Pis a predicate over aset A.

¥ (Type% Prop) allows quartibcation over p redicate typ es

A Set # ‘! P:A" Prop.,j#x:A. Px" qu;: Prop

VPA—PIop. vxA. P x—P X
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Dependencies (cont.)

¥ (Set, Set) allows function typ es

A :Set,B :Set # A" B : Set

A:Set,B:Set# A:Set A:SetB :Setx:A # B :Set
A :SetB :Set # A_'.'.#E:Set
I Xx:A.B

(Set, Sel)

¥ (Type% Type%allows higher order typ es

A:Set! (! P:A" Prop.Prop) : Type®

A:Set! A" Prop:Type® A :SetP :A" Prop ! Prop: Type®
A:Set! (! P:A" Prop.Prop) : Type®

(Type”, TypeP)
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Example of ade rivationtr ee

4 N\
Prop: Type® ' Set: Type® ' Set: Type®
Set: Type® A :Set ' Prop: Type® A:Set' A:Set
A:.Set' A Set A:Sety:A ' Prop: Type
Set, Type®
A:Set' A# Prop: Type (Set Type') @2.1)
L J
4 N\
A:SetP A# Prop,>-<:A' P:A# Prop A:SetP:A# P.rop,x:A' XA
A:SetP :A# Prop,x:A "' Px:Prop (2.2)
L J
4 N\
(2.2) (2.2)
A :SetP :A# Prop,x : A,q:Px ' Px:Prop (2.3)
L J
4 N
: (2.2) (2.3) Brop. P
A:Set,P:A—-Propx:A - A:Set A:SetP:A—Propx:A F Px —Px:Prop (Prop, Prop)

P
(2.1) A :SetP :A—Prop - (! Xx:A.Px—Px) : Prop (Set Prop)

Type’, P
A:Set - (! P:A—Prop.! x:A.Px—Px) : Prop (Type”, Prop)
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Second-o rder debna bility of the | ogical o perations

Despie the | ogical congr uction directl y encoded in PTS are implication and universal
quartibcation, it is a wel | known fact in tha tthe u pper-plane of the cube the | ogic
connectives A, V, L, Aand 3 are debnable int erms of D and V.

¥ For A, B: Prop debne
% ( ! #:Prop.#
AA (1 A%
A#B (! #:Prop.(A" B" #)" #
A$B ( ! #:Prop.(A" #)" (B" #)" #
¥ For A: Prop and X : Set debne

&X:X.A ) 1 :Prop (! x:X.A" )" |
¥ For X: Setand X, y: X debne the equality p redicate = c alled Leibniz equality .

x=ry) ) !'P:X" Prop.Px" Py
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Examples

Itis n ot difpcultt o check thatthe in tuitionistic elimination and intr oduction
rules for the | ogic connectives (<x <y <, A and <)) are sound.

Remember A#B ) !'!:Prop.(A! B! 1) I
(" Elimination r ules )
AiB (#Ey) A :Prop,B :Propp:A#B " pA("X:A."y:B.X): A
AEB (#E>) A :Prop,B :Propp:A! B ' pB("x:A."y:B.y):B
§ J

Intr oduction r ule

ﬁ\‘l g (!l) A:PropB:Propa:Ab:B " (" :Prop.!p:(A# B# ").pab):A! B
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Examples (cont.)

Note that A : Prop,B : Prop - AAB :Prop canbederivedin ! PROP2,

butthet erm  AND $ !'A:Prop.! B:Prop.A! B  cannot.

One hastobe in ! PROP" toderive F AND : Prop— Prop— Prop

( ex falso sequitur quodlibet )
% . . n o, 1] n .
A (ex falso) A : Prop,p: II" :Prop. pA: A
- J
Examples (cont.)
Let u s now prove relRexivity an d symmetr y f or the Leibn iz equality. Remember
thatfor X:Set, X,y : X
(x=Ly) $ ! P:X# Prop.Px# Py
RelRexivity X :Setx:X " (! P:X# Pr,%p.! q:Px.qq;: (x =L x)
Symmetr y r
Let " $ X :Setx:X,y:X,t:(X=_Y)
Cti(x=Ly) " " (tz:X.z=_ X): X # Prop
"tz Xez=0x) (12 Xez=L X)x # (1z:X.z= X)y )
"tz Xoz= X): (Xx=L X)# (Y=L X) (= "W (X = X)

"tz Xz =L x)w: (Y =L X)
Sa

X:Setx: X,y:X,t:(x=ry) " t(lz:X.z=, x)(' P:X# Prop.! q:Px.q) : (y =1 X)
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Exercices

¥ Check the so undness of intuitionistic elimination and intr oduction rules for the
other | ogic connectives.

¥ Check that the Leibn iz equality is tr anstive.
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