
Anothe r e xample of de pendent PTS

! C"  is an e xt ension of the Ca lculus os Constr uct ions.

2.2. LAMBD A CUBE 9

2.1.10 Ano ther exampl e of dependent PTS

! C! is an extension of the Calculus os Constructi ons.
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R = (! , ! ), (! i , ! ), (! , ! i ), (! i , ! j , ! max(i,j )) , i , j " N
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Proper t ies of PTS

2.2. PURE TYP E SYSTEMS 13

2.2.10 Ano ther exampl e of dependent PTS

! C! is an extension of the Calculus of Constructions.
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R = (! , ! ), (! i , ! ), (! , ! i ), (! i , ! j , ! max(i,j ) ) , i , j " N

2.2.11 Prop ert ies of PTS

In the following we present some of the properties hold by PTS.

Substi tuti on pr opert y

If ! , x : B , " # M : A and ! # N : B , then ! , " [x := N ] # M [x := N ] : A[x := N ] .

Correctness of t yp es

If ! # A : B , then either B " S or $s " S. ! # B : s .

Thinning

If ! # A : B is legal and ! % " , then " # A : B .

Strengthening

If ! 1, x : A, ! 2 # M : B and x &"FV(! 2) ' FV(M ) ' FV(B ) , then ! 1, ! 2 # M : B .

Conßuence

Let M , N " T . If M = " N - , then M " " P and N " " P for some P " T .

Sub ject R educti on

If ! # M : A and M " " N , then ! # N : A .

Uniquenes s of t yp es

If ! # M : A and ! # M : B , then A = ( " B .

Holds if A % S ) S and R % (S ) S) ) S are funct ion (th e PTS-speciÞcationis functional).

2.2.12 T yp e Checki ng, T ype Infer ence and T yp e Inha bit ati on

Problems one would like to have an algorithm for:

T yp e Chec king Problem (TCP)

! # M : # ?

T yp e Syn thesis Prob lem (TSP)

! # M : ?
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Proper t ies of PTS ( cont.)

2.2. PURE TYP E SYSTEMS 13
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Type Checking Problem (TCP)

Type Synthe sis Problem (TSP)

Type Inha bitat ion Problem (TIP )

1.4. PROOF CHECKING 3

1.4.3 T ype-theo reti c not ions for pro of-checki ng

In the practice of an interactive proof assistant based on type theory, the user types in tactics,
guiding the proof development system to constr uct a proof-term. At the end, this term is type
checked and the type is compared with the original goal.

In connection to proof checking there are some decidabilit y problems:

T yp e Chec king Problem (TCP) ! ! T M : A ?

T yp e Syn thesis Prob lem (TSP) ! ! T M : ?

T yp e Inhabitat ion Problem (TIP) ! ! T ? : A

TIP is usually undecidable for type theories of interest.
TCP and TSP are decidable for a large class of interestin g type theories.

1.4.4 The reli abil it y of machi ne checked pr oofs

Wh y would one believ e a system that says it has ver iÞed a pr oof ?

The proof checker should be a very small program that can be veriÞed by hand, giving the
highest possible reliabili ty to the proof checker.

de Bruij n cr i terion

A proof assistant satisÞesthe de Bruijn cri terion if it generatesproof-objects (of some
form) that can be checked by an ÕeasyÕalgorithm.

Proof-objects may be large but they are self-evident. Thi s meansthat a small program can verify
them. The program just follows whether locally the correct stepsare being made.

1.4.5 T ype-theo reti c appr oach t o interacti ve theo rem pro ving

provability of formula A " # inhabitation of type A
proof checking " # type checking

interactive theorem proving " # interactive construction of a term of a giventype

So, decidabilit y of type checking is at the core of the type-theoretic approach to theorem proving.
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Type Checking, Type Inf erence an d Type Inha bitat ion

Problems one would l ike t o have an algor ithm f or:

In p ract ice, TCP and TSP are very much r elated:

¥ For !"  all the se problems are decidable. 

¥ TIP is u ndecidable f or e xt ensions of !"  (as it c or responds t o the p rovability 
in some logic).

When checking whethe r                o ne has t o inf er a typ e f or N, say A, 

and a typ e f or M, say D, and then t o check w hethe r f or some B,                  
                    w ith                        .
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2.4.11 Prop ert ies of PTS

In the following we present some of the properties hold by PTS.

Substi tuti on pr opert y

If ! , x : B , " ! M : A and ! ! N : B , then ! , " [x := N ] ! M [x := N ] : A[x := N ] .

Correctness of t yp es

If ! ! A : B , then either B " S or #s " S. ! ! B : s .

Thinning

If ! ! A : B is legal and ! $ " , then " ! A : B .

Strengthening

If ! 1, x : A, ! 2 ! M : B and x %"FV(! 2) & FV(M ) & FV(B ) , then ! 1, ! 2 ! M : B .

Conßuence

Let M , N " T . If M = ! N , then M !! P and N !! P for some P " T .

Sub ject R educti on

If ! ! M : A and M !! N , then ! ! N : A .

Uniquenes s of t yp es

If ! ! M : A and ! ! M : B , then A = ! B .

Holds if A $ S ' S and R $ (S ' S) ' S are funct ions (t he PTS-speciÞcation is functional).

2.4.12 T yp e Checki ng, T ype Infer ence and T yp e Inha bit ati on

Problems one would like to have an algorithm for:

T yp e Chec king Problem (TCP)

! ! M : ! ?

T yp e Syn thesis Prob lem (TSP)

! ! M : ?

T yp e Inhabitat ion Problem (TIP)

! ! ? : !

In pract ice, TCP and TSP are very much related:

When checking whether M N : C onehasto infer a type for N , say A, and a type for M ,
say D, and then to check whether for some B , D = ! # x :A. B with B [x := N ] = ! C.

For " ( all theseproblems are decidable.

TIP is undecidable for extensionsof " ( (as it corresponds to the probabilit y in some logic).
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say D, and then to check whether for some B , D = ! # x :A. B with B [x := N ] = ! C.

For " ( all theseproblems are decidable.

TIP is undecidable for extensionsof " ( (as it corresponds to the probabilit y in some logic).
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Str ong Nor malizat ion and Decidabil ity of Type Checking

SN holds for some PTS (e.g., all subsystems of ! C ) an d f or some not ( e.g., ! U#, ! ! ).

Nor malizat ion and Type Checking are int imately connected due t o conversion r ule. 

A PTS is (weakly or str ongly) nor malizin g i f a ll i ts l egal t er ms are (weakly or 
str ongly) nor malizing.

In a PTS tha t is ( weakly or str ongly) nor malizing and with S Þnit e, the p roblems of 
typ e checking and typ e synthe sis are decidable.

Decidabil ity of Type Checking

Str ong Nor malizat ion (SN) 

If                   then a ll ! -r educt ions fr om M t er minate.

2.5. BARENDREGTÕS ! -CUBE 15

2.4.13 Strong No rmali zati on and D ecidabil it y of T yp e Checking

Normalization and Type Checking are intimately connected due to conversion rule.

Strong Nor maliz ation (SN)
If ! ! M : A then all " -reductions from M terminat e.

SN holds for some PTS (e.g., all subsystems of ! C) and for some not (e.g., " U! , ! " ).

A PTSis (weakly or strongly) normalizing if all its legal termsare(weakly or strongly) normalizing.

Prop osit ion 2.4.3 In a PTS that is (weakly or strongly) normalizing and with S Þnite, the
problems of type checking and type synthesis are decidable.

2.5 Barendr egtÕs ! -Cub e

TB arendregtÕs ! -Cube was proposed as Þne-grained analysis of the Calculus of Constructi ons.

DeÞniti on 2.5.1 The cube of typed lambda calculi consists of eight PTS all of them having
S = { " , ! } and A = { " : ! } and the rules for each system as follows:

System R
! # (" , " )
! 2 (" , " ) (! , " )
! P (" , " ) (" , ! )
!# (" , " ) (! , ! )
!# (" , " ) (! , " ) (! , ! )
! P2 (" , " ) (! , " ) (" , ! )
! P# (" , " ) (" , ! ) (! , ! )
! C (" , " ) (! , " ) (" , ! ) (! , ! )

2.5.1 The ! -Cub e

Note that arrows denote inclusion of one system in another.

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

! # !!

""!!!!!!!!!

##

! P

""!!!!!!!!!

##

45

Barendr egtÕs ! -Cube

BarendregtÕs ! -Cube was proposed as a Þne-grained analysis of the  Calculus of 
Construct ions.

The ! -Cube

The cube of typ ed lambda calculi consists of eig ht PTS a ll of them ha ving  

               ,  an d                    an d the r ules f or each system as f ollows:

14 CHAPTE R 2. TYPE SYSTEM S AND LOGICS

T yp e Inhabitat ion Problem (TIP)

! ! ? : !

In pract ice, TCP is often reduced to TSP:

To solve M N : ! one has to solve N :? and if this givesanswer " , solve M : " " ! .

For #" all theseproblems are decidable.

TIP is undecidable for extensionsof #" (as it corresponds to the probabilit y in some logic).

2.2.13 Strong No rmali zati on and D ecidabil it y of T yp e Checking

Normalization and Type Checking are intimately connected due to conversion rule.

Strong Nor maliz ation (SN)
If ! ! M : ! then all $-reductions from M terminat e.

SN holds for some PTS (e.g., all subsystems of #C) and for some not (e.g., " U! , ##).

A PTSis (weakly or strongly) normalizing if all its legal termsare(weakly or strongly) normalizing.

Prop osit ion 2.2.3 In a PTS that is (weakly or strongly) normalizing and with S Þnite, the
problems of type checking and type synthesis are decidable.

2.3 The Bare ndre gtÕs ! -Cub e

The BarendregtÕs #-Cube was proposed as Þne-grained analysis of the Calculus of Constructi ons.

DeÞniti on 2.3.1 The cube of typed lambda calculi consists of eight PTS all of them having
S = { #, ! } and A = { # : ! } and the rules for each system as follows:

System R
#" (#, #)
#2 (#, #) (! , #)
#P (#, #) (#, ! )
#% (#, #) (! , ! )
#% (#, #) (! , #) (! , ! )
#P2 (#, #) (! , #) (#, ! )
#P% (#, #) (#, ! ) (! , ! )
#C (#, #) (! , #) (#, ! ) (! , ! )

2.3.1 The ! -Cub e

Note that arrows denote inclusion of one system in another.

14 CHAPTE R 2. TYPE SYSTEM S AND LOGICS

T yp e Inhabitat ion Problem (TIP)

! ! ? : !

In pract ice, TCP is often reduced to TSP:

To solve M N : ! one has to solve N :? and if this givesanswer " , solve M : " " ! .

For #" all theseproblems are decidable.

TIP is undecidable for extensionsof #" (as it corresponds to the probabilit y in some logic).

2.2.13 Strong No rmali zati on and D ecidabil it y of T yp e Checking

Normalization and Type Checking are intimately connected due to conversion rule.

Strong Nor maliz ation (SN)
If ! ! M : ! then all $-reductions from M terminat e.

SN holds for some PTS (e.g., all subsystems of #C) and for some not (e.g., " U! , ##).

A PTSis (weakly or strongly) normalizing if all its legal termsare(weakly or strongly) normalizing.

Prop osit ion 2.2.3 In a PTS that is (weakly or strongly) normalizing and with S Þnite, the
problems of type checking and type synthesis are decidable.

2.3 The Bare ndre gtÕs ! -Cub e

The BarendregtÕs #-Cube was proposed as Þne-grained analysis of the Calculus of Constructi ons.

DeÞniti on 2.3.1 The cube of typed lambda calculi consists of eight PTS all of them having
S = { #, ! } and A = { # : ! } and the rules for each system as follows:

System R
#" (#, #)
#2 (#, #) (! , #)
#P (#, #) (#, ! )
#% (#, #) (! , ! )
#% (#, #) (! , #) (! , ! )
#P2 (#, #) (! , #) (#, ! )
#P% (#, #) (#, ! ) (! , ! )
#C (#, #) (! , #) (#, ! ) (! , ! )

2.3.1 The ! -Cub e

Note that arrows denote inclusion of one system in another.
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T yp e Inhabitat ion Problem (TIP)

! ! ? : !

In pract ice, TCP is often reduced to TSP:

To solve M N : ! one has to solve N :? and if this givesanswer " , solve M : " " ! .

For #" all theseproblems are decidable.

TIP is undecidable for extensionsof #" (as it corresponds to the probabilit y in some logic).

2.2.13 Strong No rmali zati on and D ecidabil it y of T yp e Checking

Normalization and Type Checking are intimately connected due to conversion rule.

Strong Nor maliz ation (SN)
If ! ! M : ! then all $-reductions from M terminat e.

SN holds for some PTS (e.g., all subsystems of #C) and for some not (e.g., " U! , ##).

A PTSis (weakly or strongly) normalizing if all its legal termsare(weakly or strongly) normalizing.

Prop osit ion 2.2.3 In a PTS that is (weakly or strongly) normalizing and with S Þnite, the
problems of type checking and type synthesis are decidable.

2.3 The Bare ndre gtÕs ! -Cub e

The BarendregtÕs #-Cube was proposed as Þne-grained analysis of the Calculus of Constructi ons.

DeÞniti on 2.3.1 The cube of typed lambda calculi consists of eight PTS all of them having
S = { #, ! } and A = { # : ! } and the rules for each system as follows:

System R
#" (#, #)
#2 (#, #) (! , #)
#P (#, #) (#, ! )
#% (#, #) (! , ! )
#% (#, #) (! , #) (! , ! )
#P2 (#, #) (! , #) (#, ! )
#P% (#, #) (#, ! ) (! , ! )
#C (#, #) (! , #) (#, ! ) (! , ! )

2.3.1 The ! -Cub e

Note that arrows denote inclusion of one system in another.
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The ! -Cube

Note tha t a r rows denote inclusion of o ne system in anothe r.

2.3. THE BARENDREGTÕS ! -CUBE 15

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

!→ !!

""!!!!!!!!!

##

! P

""!!!!!!!!!

##

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

!→ (∗,! )
!!

(! ,! )

""!!!!!!!!!

(! ,∗)

##

! P

""!!!!!!!!!

##

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

!→ (∗,! ) !!

(! ,! )
!!!!

""!!!

(! ,∗)

##

! P

""!!!!!!!!!

##

2.3.2 Dep endencies

Let us call ÒtypeÓto the pseudo-terms of type ∗ and ÒkindsÓto the pseudo-termsof type ! .
Òterm : type : kind Ó

(∗, ∗) Terms depending on terms. (functions)

# (! x : " .x) : " → "

(! , ∗) Terms depending on types. (polymorphism)

# (!# :∗.! x :#.#) : ! # :∗. #→#
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¥ (! , ! )  Ter ms depending on t er ms. (fu nct ions)

¥ (! , ! )  Ter ms depending on typ es. (polymor phism) 

¥ (! , ! )  Types depending on t er ms. (dependent fu nct ions)

¥ (! , ! )  Types depending on typ es. (constr uct or s of a kin d)

Dependencies

 t er m : typ e : kind 

Let u s call ÒtypesÓ t o the pseu do-t er ms of typ e !  and ÒkindsÓ t o the pseu do-t er ms 
of typ e ! .

16 CHAPTE R 2. TYPE SYSTEM S AND LOGICS

(! , ! ) Types depending on terms. (dependent functions)

A : ! , P : A " ! # (! a:A.! x :Pa. x) : ! a:A. Pa" Pa

(! , ! ) Typesdepending on types. (constructors of a kind)

# (!" : ! ." " " ) : ! " !

2.4 Logics as PTS

Other interestin g examples of PTS were given by Berardi who deÞned logical systems as PTS.

Eight systems of intui tionistic logic will be intr oduced that correspond in some senseto the
systems in the ! -cube. Four systemsof proposition logic and four systemsof many-sorted predicate
logic.

! PROP proposition logic
! PROP2 second-order proposition logic
! PROP# weakly higher-order proposition logic
! PROP# higher-order proposit ion logic
! PRED2 second-order predicate logic
! PRED# weakly higher-order predicate logic
! PRED# higher-order predicate logic

2.4.1 Sali ent feat ures

¥ All the systems are minimal logics in the sensethat the only logical operators are $ and %.

¥ However, for the second and higher-order systems the operators Â, &, ' and ( , as well as
the LeibenizÕsequalit y are all deÞnable.

¥ Classical versions of the logics in the upper-plane (of the cube) are obtained easily (by adding
the axiom %" .ÂÂ" " " ).

2.4.2 The Ber ardiÕs Logic Cub e

DeÞniti on 2.4.1 The cube of logical typed lambda calculi consists of the following eight PTS.
Each of them has

S = Prop, Set, Typep, Types

A = (Prop : Typep), (Set : Types)
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(! , ! ) Types depending on terms. (dependent functions)

A : ! , P : A " ! # (! a:A.! x :Pa. x) : ! a:A. Pa" Pa

(! , ! ) Typesdepending on types. (constructors of a kind)

# (!" : ! ." " " ) : ! " !

2.4 Logics as PTS

Other interestin g examples of PTS were given by Berardi who deÞned logical systems as PTS.

Eight systems of intui tionistic logic will be intr oduced that correspond in some senseto the
systems in the ! -cube. Four systemsof proposition logic and four systemsof many-sorted predicate
logic.

! PROP proposition logic
! PROP2 second-order proposition logic
! PROP# weakly higher-order proposition logic
! PROP# higher-order proposit ion logic
! PRED2 second-order predicate logic
! PRED# weakly higher-order predicate logic
! PRED# higher-order predicate logic

2.4.1 Salient features

¥ All the systems are minimal logics in the sensethat the only logical operators are $ and %.

¥ However, for the second and higher-order systems the operators Â, &, ' and ( , as well as
the LeibenizÕsequalit y are all deÞnable.

¥ Classical versions of the logics in the upper-plane (of the cube) are obtained easily (by adding
the axiom %" .ÂÂ" " " ).

2.4.2 The Berardi’s Logic Cube

DeÞniti on 2.4.1 The cube of logical typed lambda calculi consists of the following eight PTS.
Each of them has

S = Prop, Set, Typep, Types

A = (Prop : Typep), (Set : Types)

2.3. THE BARENDREGTÕS ! -CUBE 15

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

! ! !!

""!!!!!!!!!

##

! P

""!!!!!!!!!

##

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

! ! (" ,! )
!!

(! ,! )

""!!!!!!!!!

(! ," )

##

! P

""!!!!!!!!!

##

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

! ! (" ,! ) !!

(! ,! )
!!!!

""!!!

(! ," )

##

! P

""!!!!!!!!!

##

2.3.2 Dep endencies

Let us call ÒtypeÓto the pseudo-terms of type " and ÒkindsÓto the pseudo-termsof type ! .
Òterm : type : kind Ó

(" , " ) Terms depending on terms. (functions)

# (! x : " . x) : " ! "

(! , " ) Terms depending on types. (polymorphism)

# (!# : " .! x :#. #) : ! # : " . # ! #
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!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

! ! (" ,! )
!!

(! ,! )

""!!!!!!!!!

(! ," )

##

! P

""!!!!!!!!!

##

!" !!! C

! 2

""!!!!!!!!!!
!!! P2

""!!!!!!!!!!

!"

##

!!! P"

##

! ! (" ,! ) !!

(! ,! )
!!!!

""!!!

(! ," )

##

! P

""!!!!!!!!!

##

2.5.2 Dep endencies

Let us call ÒtypeÓto the pseudo-terms of type " and ÒkindsÓto the pseudo-termsof type ! .
Òterm : type : kind Ó

(" , " ) Terms depending on terms. (functions)

# (! x : " . x) : " ! "

(! , " ) Terms depending on types. (polymorphism)

# (!# : " .! x :#. x) : ! # : " . # ! #

(" , ! ) Types depending on terms. (dependent functions)

A : " , P : A ! " # (! a:A.! x :Pa. x) : ! a:A. Pa! Pa

(! , ! ) Typesdepending on types. (constructors of a kind)

# (!# : " .# ! #) : " ! "
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Logics as PTS

Eight sys tems of intui t ionist ic l ogic w il l be in tr oduced tha t c or respond in some 
sense to the sys tems in the ! -cube. Four systems of proposit ion logic and f our 
systems of many-sor t ed predicate logic.

Other e xamples of PTS were given by Berardi who deÞned logical systems as PTS.

16 CHAPTE R 2. TYPE SYSTEM S AND LOGICS

(! , ! ) Types depending on terms. (dependent functions)

A : ! , P : A " ! # (! a :A.! x :Pa. x) : ! a :A. Pa" Pa

(! , ! ) Types depending on types. (constructors of a kind)

# (!" : ! ." " " ) : ! " !

2.5 Logics as PTS

Other interesting examples of PTS were given by Berardi who defined logical systems as PTS.

Eight systems of intui tionistic logic will be introduced that correspond in some sense to the
systems in the ! -cube. Four systems of proposition logic and four systems of many-sorted predicate
logic.

! PROP proposition logic
! PROP2 second-order proposition logic
! PROP# weakly higher-order proposition logic
! PROP# higher-order proposition logic
! PRED predicate logic
! PRED2 second-order predicate logic
! PRED# weakly higher-order predicate logic
! PRED# higher-order predicate logic

2.5.1 Sali ent feat ures

¥ All the systems are minimal logics in the sense that the only logical operators are $ and %.

¥ However, for the second and higher-order systems the operators Â, &, ' and ( , as well as
the Leibeniz’s equality are all definable.

¥ Classical versions of the logics in the upper-plane (of the cube) are obtained easily (by adding
the axiom %" . ÂÂ" " " ).

2.5.2 The Ber ardiÕs Logic Cub e

DeÞniti on 2.5.1 The cube of logical typed lambda calculi consists of the following eight PTS.
Each of them has

S = Prop, Set, Typep, Types

A = (Prop : Typep), (Set : Types)
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Salient f eatu res

¥ All the sys tems are minimal l ogics in the sense tha t the o nly l ogical o perat ors 

are <m and <|.

¥ However, f or the se cond and higher -order systems the operat ors Â, <x, <y and 

<}, as well a s LeibenizÕs equality a re all deÞnable.

¥ Classical v ersions of the l ogics in the u pper -pl ane (of the cube ) are obtained 

easily (by a dding the ax iom <|$ .ÂÂ$  "  $ ).
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BerardiÕs Logic Cube
The Logic Cube
The cube of l ogical typ ed lambda calculi consists of the f ollowing eight PTS. 
Each of them ha s 

16 CHAPTE R 2. TYPE SYSTEM S AND LOGICS

(! , ! ) Types depending on terms. (dependent functions)

A : ! , P : A " ! # (! a:A.! x :Pa. x) : ! a:A. Pa" Pa

(! , ! ) Typesdepending on types. (constructors of a kind)

# (!" : ! ." " " ) : ! " !

2.4 Logics as PTS

Other interestin g examples of PTS were given by Berardi who deÞned logical systems as PTS.

Eight systems of intui tionistic logic will be intr oduced that correspond in some senseto the
systems in the ! -cube. Four systemsof proposition logic and four systemsof many-sorted predicate
logic.

! PROP proposition logic
! PROP2 second-order proposition logic
! PROP# weakly higher-order proposition logic
! PROP# higher-order proposit ion logic
! PRED2 second-order predicate logic
! PRED# weakly higher-order predicate logic
! PRED# higher-order predicate logic

2.4.1 Sali ent feat ures

¥ All the systems are minimal logics in the sensethat the only logical operators are $ and %.

¥ However, for the second and higher-order systems the operators Â, &, ' and ( , as well as
the LeibenizÕsequalit y are all deÞnable.

¥ Classical versions of the logics in the upper-plane (of the cube) are obtained easily (by adding
the axiom %" .ÂÂ" " " ).

2.4.2 The Ber ardiÕs Logic Cub e

DeÞniti on 2.4.1 The cube of logical typed lambda calculi consists of the following eight PTS.
Each of them has

S = Prop, Set, Typep, Types

A = (Prop : Typep), (Set : Types)

and the r ules f or each of the sys tems are 
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and the rules for each of the systems are

System R
! PROP

(Prop, Prop)
! PROP2

(Prop, Prop) (Typep, Prop)
! PROP" (Typep, Typep)

(Prop, Prop)
! PROP" (Typep, Typep)

(Prop, Prop) (Typep, Prop)
! PRED (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop)
! PRED2 (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)

Set is the classof sets (the ÒsortsÓof the many sorted logic).

Prop is the classof propositi ons (the formulae of the logic).

2.4.3 The Log ic Cub e

! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )

##

! PRED

""!!!!!!!!!

##

2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " # with # : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the intro duction of variables of type Set.

Set is the c lass of sets an d  Prop is the c lass of proposit ions.

51

The Logic Cube

2.4. LOGICS AS PTS 17

and the rules for each of the systems are

System R
! PROP

(Prop, Prop)
! PROP2

(Prop, Prop) (Typep, Prop)
! PROP" (Typep, Typep)

(Prop, Prop)
! PROP" (Typep, Typep)

(Prop, Prop) (Typep, Prop)
! PRED (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop)
! PRED2 (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)

Set is the classof sets (the ÒsortsÓof the many sorted logic).

Prop is the classof propositi ons (the formulae of the logic).

2.4.3 The Log ic Cub e

! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )

##

! PRED

""!!!!!!!!!

##

2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " # with # : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the intro duction of variables of type Set.
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¥ (Prop, Prop) allows the f or mat ion of impl icat ion of tw o f or mulae

¥ (Set, Prop) allows quant iÞcat ion over sets 

Dependencies

The sor ts Set and Type%  for m the u niverses of do mains.

¥                              w ith !  : Set are funct ional typ es.

¥                                 a re predicate typ es.
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and the rules for each of the systems are

System R
! PROP

(Prop, Prop)
! PROP2

(Prop, Prop) (Typep, Prop)
! PROP" (Typep, Typep)

(Prop, Prop)
! PROP" (Typep, Typep)

(Prop, Prop) (Typep, Prop)
! PRED (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop)
! PRED2 (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)

Set is the class of sets (the “sorts” of the many sorted logic).
Prop is the class of propositions (the formulae of the logic).

2.4.3 The Log ic Cub e

! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )

##

! PRED

""!!!!!!!!!

##

2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " # with # : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the introduction of variables of type Set.
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and the rules for each of the systems are

System R
! PROP

(Prop, Prop)
! PROP2

(Prop, Prop) (Typep, Prop)
! PROP" (Typep, Typep)

(Prop, Prop)
! PROP" (Typep, Typep)

(Prop, Prop) (Typep, Prop)
! PRED (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop)
! PRED2 (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)

Set is the classof sets (the ÒsortsÓof the many sorted logic).

Prop is the classof propositi ons (the formulae of the logic).

2.4.3 The Log ic Cub e

λPROPω !!λPREDω

λPROP2

""!!!!!!!!!!
!!λPRED2

""!!!!!!!!!!

λPROPω

##

!!λPREDω

##

λPROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )
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λPRED

""!!!!!!!!!
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2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " # with # : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the intro duction of variables of type Set.The sor t          a llows the in tr oduct ion of v ar iables of typ e Set.
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and the rules for each of the systems are

System R
! PROP

(Prop, Prop)
! PROP2

(Prop, Prop) (Typep, Prop)
! PROP" (Typep, Typep)

(Prop, Prop)
! PROP" (Typep, Typep)

(Prop, Prop) (Typep, Prop)
! PRED (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop)
! PRED2 (Set, Set) (Set, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop)
! PRED" (Set, Set) (Set, Typep) (Typep, Set) (Typep, Typep)

(Prop, Prop) (Set, Prop) (Typep, Prop)

Set is the class of sets (the “sorts” of the many sorted logic).
Prop is the class of propositions (the formulae of the logic).

2.4.3 The Log ic Cub e

! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )

##

! PRED

""!!!!!!!!!

##

2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " # with # : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the introduction of variables of type Set.18 CHAPTE R 2. TYPE SYSTEM S AND LOGICS

(Prop, Prop) allows the formation of implication of two formulae

! : Prop, " : Prop ! ! " " : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, ! : Prop ! (! x :A. ! )
! "# $

! x :a. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set ! A " Prop : Typep

hence
A : Set, P : A " Prop, x : A ! Px : Prop

P is a predicate over a set A.

(Typep, Prop) allows quanti Þcation over predicate types

A : Set ! (! x :A " Prop. ! x :A. Px " Px)
! "# $

! :qx:A" Prop. ! x:A. P x" P x

: Typep

2.4.5 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical construction directly encoded in PTS are impl ication and universal quantiÞca-
tion, it is a well known fact in the upper-plane of the cube the logic connectives#, $, %, Â and &
are deÞnable are deÞnable in terms of " and ' .

¥ For A, B : Prop deÞne

% ( ! # :Prop. #
ÂA ( A "%

A # B ( ! # :Prop. (A " B " #) " #
A $ B ( ! # :Prop. (A " #) " (B " #) " #

¥ For A : Prop and S : Set deÞne

&x : S.A ( ! # :Prop. (! x :S. A " #) " #

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LebnizÕequality .

(x = L y) ( ! P :S" Prop. Px " Py

2.4.6 Exam ples of pr oof deriv ati ons
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! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (∗,! ) !!

(! ,! )
!!!!

""!!!

(! ,∗)

##

! PRED

""!!!!!!!!!

##

2.4.4 Dependencies

The sorts Set and Typep form the universes of domains.

A1→ . . .→An → ! with ! : Set are functional types.

A1→ . . .→An →Prop are predicate types.

The sort Types allows the intro duction of variables of type Set.

(Prop, Prop) allows the formation of implication of two formulae

" : Prop, # : Prop # " →# : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, " : Prop # (! x :A. " )
! "# $

! x :A. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set # A→Prop : Typep

hence
A : Set, P : A→Prop, x : A # Px : Prop

P is a predicate over a set A.

(Typep, Prop) allows quanti Þcation over predicate types

A : Set # (! P :A→Prop. ! x :A. Px→Px)
! "# $

! P:A" Prop. ! x:A. P x" P x

: Typep

2.4.5 Second-order definability of the logical operations

Despite the logical const ruction directly encoded in PTS are implication and universal quanti Þ-
cation, it is a well known fact that in the upper-plane of the cube the logic connectives∧,∨,⊥, Â
and ∃ are deÞnable in terms of ⊃ and ∀.
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¥ (Set, Type% ) allows the f or mat ion of Þr st -order p redicates

¥ (Type% , Prop) allows quant iÞcat ion over p redicate typ es

Dependencies (cont.)

hence
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(Prop, Prop) allows the formation of implication of two formulae

! : Prop, " : Prop ! ! " " : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, ! : Prop ! (! x :A. ! )
! "# $

! x :a. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set ! A " Prop : Typep

hence
A : Set, P : A " Prop, x : A ! Px : Prop

P is a predicate over a set A.

(Typep, Prop) allows quanti Þcation over predicate types

A : Set ! (! x :A " Prop. ! x :A. Px " Px)
! "# $

! :qx:A" Prop. Πx:A. P x" P x

: Typep

2.4.5 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical construction directly encoded in PTS are impl ication and universal quantiÞca-
tion, it is a well known fact in the upper-plane of the cube the logic connectives#, $, %, Â and &
are deÞnable are deÞnable in terms of " and ' .

¥ For A, B : Prop deÞne

% ( ! # :Prop. #
ÂA ( A "%

A # B ( ! # :Prop. (A " B " #) " #
A $ B ( ! # :Prop. (A " #) " (B " #) " #

¥ For A : Prop and S : Set deÞne

&x : S.A ( ! # :Prop. (! x :S. A " #) " #

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LebnizÕequality .

(x = L y) ( ! P :S" Prop. Px " Py

2.4.6 Exam ples of pr oof deriv ati ons
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(Prop, Prop) allows the formation of implication of two formulae

! : Prop, " : Prop ! ! → " : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, ! : Prop ! (! x :A. ! )
! "# $

! x :a. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set ! A→Prop : Typep

hence
A : Set, P : A→Prop, x : A ! Px : Prop

P is a predicate over a set A.

(Typep, Prop) allows quanti Þcation over predicate types

A : Set ! (! x :A→Prop. ! x :A. Px→Px)
! "# $

! :qx:A" Prop. Πx:A. P x" P x

: Typep

2.4.5 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical construction directly encoded in PTS are impl ication and universal quantiÞca-
tion, it is a well known fact in the upper-plane of the cube the logic connectives∧,∨,⊥, Â and ∃
are deÞnable are deÞnable in terms of → and ∀.

¥ For A, B : Prop deÞne

⊥ ≡ ! # :Prop. #
ÂA ≡ A→⊥

A ∧ B ≡ ! # :Prop. (A→B →#)→#
A ∨ B ≡ ! # :Prop. (A→#)→ (B →#)→#

¥ For A : Prop and S : Set deÞne

∃x : S.A ≡ ! # :Prop. (! x :S. A→#)→#

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LebnizÕequality .

(x = L y) ≡ ! P :S→Prop. Px→Py

2.4.6 Exam ples of pr oof deriv ati ons

P is a p redicate over a se t A.
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! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )

##

! PRED

""!!!!!!!!!

##

2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " ! with ! : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the intro duction of variables of type Set.

(Prop, Prop) allows the formation of implication of two formulae

" : Prop, # : Prop # " " # : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, " : Prop # (! x :A. " )
! "# $
∀x :A. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set # A " Prop : Typep

hence
A : Set, P : A " Prop, x : A # Px : Prop

P is a predicate over a set A.

(Typep, Prop) allows quanti Þcation over predicate types

A : Set # (! P :A " Prop. ! x :A. Px " Px)
! "# $

∀P:A→Prop. ∀x:A. P x→P x

: Prop

2.4.5 Second-orde r deÞnabil it y of the logical operat ions

Despite the logical const ruction directly encoded in PTS are implication and universal quanti Þ-
cation, it is a well known fact that in the upper-plane of the cube the logic connectives$, %, &, Â
and ' are deÞnable in terms of ( and ) .
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¥ (Set, Set ) allows fu nct ion typ es

¥ (Type% , Type%) allows higher o rder typ es

Dependencies (cont.)
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! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )

##

! PRED

""!!!!!!!!!

##

2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " ! with ! : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the intro duction of variables of type Set.

(Prop, Prop) allows the formation of implication of two formulae

" : Prop, # : Prop # " " # : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, " : Prop # (Πx :A. " )
! "# $

! x :A. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set # A " Prop : Typep

hence
A : Set, P : A " Prop, x : A # Px : Prop

P is a predicate over a set A.

(Typep, Prop) allows quanti Þcation over predicate types

A : Set # (ΠP :A " Prop. Πx :A. Px " Px)
! "# $

! P:A" Prop. ! x:A. P x" P x

: Prop

(Set, Set) allows functi on types
A : Set, B : Set # A " B : Set

A : Set, B : Set # A : Set A : Set, B : Set, x : A # B : Set
A : Set, B : Set # A " B! "# $

! x :A.B

: Set
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(Typep, Typep) allows higher order types

A : Set ! (! P :A " Prop. Prop) : Typep

A : Set ! A " Prop : Typep A : Set, P : A " Prop ! Prop : Typep

A : Set ! (! P :A " Prop. Prop) : Typep (Typep, Typep)

2.4.5 Exam ple of a der ivat ion tree

! Set : Types

A : Set ! A : Set

! Prop : Typep ! Set : Types

A : Set ! Prop : Typep
! Set : Types

A : Set ! A : Set
A : Set, y : A ! Prop : Typep

A : Set ! A " Prop : Typep (Set, Typep)
(2.1)

...
A : Set, P : A " Prop, x : A ! P : A " Prop

...
A : Set, P : A " Prop, x : A ! x : A

A : Set, P : A " Prop, x : A ! Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A " Prop, x : A, q : Px ! Px : Prop (2.3)

(2.1)
A : Set, P : A " Prop, x : A ! A : Set

(2.2) (2.3)
A : Set, P : A " Prop, x : A ! Px " Px : Prop

(Prop, Prop)

A : Set, P : A " Prop ! (! x :A. Px " Px) : Prop
(Set, Prop)

A : Set ! (! P :A " Prop. ! x :A. Px " Px) : Prop
(Typep, Prop)

(2.4)

2.4.6 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical const ruction directly encoded in PTS are implication and universal quanti Þ-
cation, it is a well known fact that in the upper-plane of the cube the logic connectives#, $, %, Â
and & are deÞnable in terms of ' and ( .

¥ For A, B : Prop deÞne

% ) ! ! :Prop. !
ÂA ) A "%

A # B ) ! ! :Prop. (A " B " ! ) " !
A $ B ) ! ! :Prop. (A " ! ) " (B " ! ) " !

¥ For A : Prop and S : Set deÞne

&x : S.A ) ! ! :Prop. (! x :S. A " ! ) " !

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LeibnizÕequality .

(x = L y) ) ! P :S" Prop. Px " Py
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! PROP" !!! PRED"

! PROP2

""!!!!!!!!!!
!!! PRED2

""!!!!!!!!!!

! PROP"

##

!!! PRED"

##

! PROP (! ,! ) !!

(! ,! )
!!!!

""!!!

(! ,! )

##

! PRED

""!!!!!!!!!

##

2.4.4 Dep endencies

The sorts Set and Typep form the universes of domains.

A1 " . . . " An " ! with ! : Set are functional types.

A1 " . . . " An " Prop are predicate types.

The sort Types allows the intro duction of variables of type Set.

(Prop, Prop) allows the formation of implication of two formulae

" : Prop, # : Prop # " " # : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, " : Prop # (! x :A. " )
! "# $
∀x :A. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set # A " Prop : Typep

hence
A : Set, P : A " Prop, x : A # Px : Prop

P is a predicate over a set A.

(Typep, Prop) allows quanti Þcation over predicate types

A : Set # (! P :A " Prop. ! x :A. Px " Px)
! "# $

∀P:A→Prop. ∀x:A. P x→P x

: Prop

(Set, Set) allows functi on types
A : Set, B : Set # A " B : Set

...
A : Set, B : Set # A : Set

...
A : Set, B : Set, x : A # B : Set

A : Set, B : Set # A " B! "# $
! x :A.B

: Set
(Set, Set)
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(Typep, Typep) allows higher order types

A : Set ! (! P :A " Prop. Prop) : Typep

...
A : Set ! A " Prop : Typep

...
A : Set, P : A " Prop ! Prop : Typep

A : Set ! (! P :A " Prop. Prop) : Typep (Typep, Typep)

2.4.5 Exam ple of a der ivat ion tree

! Set : Types

A : Set ! A : Set

! Prop : Typep ! Set : Types

A : Set ! Prop : Typep
! Set : Types

A : Set ! A : Set
A : Set, y : A ! Prop : Typep

A : Set ! A " Prop : Typep (Set, Typep)
(2.1)

...
A : Set, P : A " Prop, x : A ! P : A " Prop

...
A : Set, P : A " Prop, x : A ! x : A

A : Set, P : A " Prop, x : A ! Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A " Prop, x : A, q : Px ! Px : Prop (2.3)

(2.1)
A : Set, P : A " Prop, x : A ! A : Set

(2.2) (2.3)
A : Set, P : A " Prop, x : A ! Px " Px : Prop

(Prop, Prop)

A : Set, P : A " Prop ! (! x :A. Px " Px) : Prop
(Set, Prop)

A : Set ! (! P :A " Prop. ! x :A. Px " Px) : Prop
(Typep, Prop)

(2.4)

2.4.6 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical const ruction directly encoded in PTS are implication and universal quanti Þ-
cation, it is a well known fact that in the upper-plane of the cube the logic connectives#, $, %, Â
and & are deÞnable in terms of ' and ( .

¥ For A, B : Prop deÞne

% ) ! ! :Prop. !
ÂA ) A "%

A # B ) ! ! :Prop. (A " B " ! ) " !
A $ B ) ! ! :Prop. (A " ! ) " (B " ! ) " !

¥ For A : Prop and S : Set deÞne

&x : S.A ) ! ! :Prop. (! x :S. A " ! ) " !

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called Leibniz’ equality.

(x = L y) ) ! P :S" Prop. Px " Py
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¥ For A, B : Prop deÞne

! " ! ! :Prop. !
ÂA " A #!

A $ B " ! ! :Prop. (A # B # ! ) # !
A %B " ! ! :Prop. (A # ! ) # (B # ! ) # !

¥ For A : Prop and S : Set deÞne

&x : S.A " ! ! :Prop. (! x :S. A # ! ) # !

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LebnizÕequality .

(x = L y) " ! P :S# Prop. Px # Py

2.4.6 Exam ples of pr oof deriv ati ons

' Set : Types

A : Set ' A : Set

' Prop : Typep ' Set : Types

A : Set ' Prop : Typep
' Set : Types

A : Set ' A : Set
A : Set, y : A ' Prop : Typep

A : Set ' A # Prop : Typep (Set, Typep)
(2.1)

...
A : Set, P : A # Prop, x : A ' P : A # Prop

...
A : Set, P : A # Prop, x : A ' x : A

A : Set, P : A # Prop, x : A ' Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A # Prop, x : A, q : Px ' Px : Prop (2.3)

(2.1)
A : Set, P : A # Prop, x : A ' A : Set

(2.2) (2.3)
A : Set, P : A # Prop, x : A ' Px # Px : Prop

(Prop, Prop)

A : Set, P : A # Prop ' (! x :A. Px # Px) : Prop
(Set, Prop)

A : Set ' (! P :A # Prop. ! x :A. Px # Px) : Prop
(Typep, Prop)

(2.4)
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¥ For A, B : Prop deÞne

! " ! ! :Prop. !
ÂA " A #!

A $ B " ! ! :Prop. (A # B # ! ) # !
A %B " ! ! :Prop. (A # ! ) # (B # ! ) # !

¥ For A : Prop and S : Set deÞne

&x : S.A " ! ! :Prop. (! x :S. A # ! ) # !

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LebnizÕequality .

(x = L y) " ! P :S# Prop. Px # Py

2.4.6 Exam ples of pr oof deriv ati ons

' Set : Types

A : Set ' A : Set

' Prop : Typep ' Set : Types

A : Set ' Prop : Typep
' Set : Types

A : Set ' A : Set
A : Set, y : A ' Prop : Typep

A : Set ' A # Prop : Typep (Set, Typep)
(2.1)

...
A : Set, P : A # Prop, x : A ' P : A # Prop

...
A : Set, P : A # Prop, x : A ' x : A

A : Set, P : A # Prop, x : A ' Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A # Prop, x : A, q : Px ' Px : Prop (2.3)

(2.1)
A : Set, P : A # Prop, x : A ' A : Set

(2.2) (2.3)
A : Set, P : A # Prop, x : A ' Px # Px : Prop

(Prop, Prop)

A : Set, P : A # Prop ' (! x :A. Px # Px) : Prop
(Set, Prop)

A : Set ' (! P :A # Prop. ! x :A. Px # Px) : Prop
(Typep, Prop)

(2.4)
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¥ For A, B : Prop deÞne

! " ! ! :Prop. !
ÂA " A #!

A $ B " ! ! :Prop. (A # B # ! ) # !
A %B " ! ! :Prop. (A # ! ) # (B # ! ) # !

¥ For A : Prop and S : Set deÞne

&x : S.A " ! ! :Prop. (! x :S. A # ! ) # !

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LebnizÕequality .

(x = L y) " ! P :S# Prop. Px # Py

2.4.6 Exam ples of pr oof deriv ati ons

' Set : Types

A : Set ' A : Set

' Prop : Typep ' Set : Types

A : Set ' Prop : Typep
' Set : Types

A : Set ' A : Set
A : Set, y : A ' Prop : Typep

A : Set ' A # Prop : Typep (Set, Typep)
(2.1)

...
A : Set, P : A # Prop, x : A ' P : A # Prop

...
A : Set, P : A # Prop, x : A ' x : A

A : Set, P : A # Prop, x : A ' Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A # Prop, x : A, q : Px ' Px : Prop (2.3)

(2.1)
A : Set, P : A # Prop, x : A ' A : Set

(2.2) (2.3)
A : Set, P : A # Prop, x : A ' Px # Px : Prop

(Prop, Prop)

A : Set, P : A # Prop ' (! x :A. Px # Px) : Prop
(Set, Prop)

A : Set ' (! P :A # Prop. ! x :A. Px # Px) : Prop
(Typep, Prop)

(2.4)

Example of a de r ivat ion tr ee
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(Typep, Typep) allows higher order types

A : Set ! (! P :A → Prop. Prop) : Typep

...
A : Set ! A→Prop : Typep

...
A : Set, P : A→Prop ! Prop : Typep

A : Set ! (! P :A→Prop. Prop) : Typep (Typep, Typep)

2.6.5 Exam ple of a der ivat ion tree

! Set : Types

A : Set ! A : Set

! Prop : Typep ! Set : Types

A : Set ! Prop : Typep
! Set : Types

A : Set ! A : Set
A : Set, y : A ! Prop : Typep

A : Set ! A → Prop : Typep (Set, Typep)
(2.1)

...
A : Set, P : A→Prop, x : A ! P : A → Prop

...
A : Set, P : A→Prop, x : A ! x : A

A : Set, P : A→Prop, x : A ! Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A→Prop, x : A, q : Px ! Px : Prop (2.3)

(2.1)

...
A : Set, P : A→Prop, x : A ! A : Set

(2.2) (2.3)
A : Set, P : A→Prop, x : A ! Px → Px : Prop

(Prop, Prop)

A : Set, P : A→Prop ! (! x :A. Px→Px) : Prop
(Set, Prop)

A : Set ! (! P :A→Prop. ! x :A. Px→Px) : Prop
(Typep, Prop)

(2.4)

2.6.6 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical const ruction directly encoded in PTS are implication and universal quanti Þ-
cation, it is a well known fact that in the upper-plane of the cube the logic connectives∧,∨,⊥, Â
and ∃ are deÞnable in terms of ⊃ and ∀.

¥ For A, B : Prop deÞne

⊥ ≡ ! ! :Prop. !
ÂA ≡ A→⊥

A ∧ B ≡ ! ! :Prop. (A→B → ! )→ !
A ∨ B ≡ ! ! :Prop. (A→ ! )→ (B → ! )→ !

¥ For A : Prop and X : Set deÞne

∃ x :X .A ≡ ! ! :Prop. (! x :X . A→ ! )→ !

¥ For X : Set and x, y : X deÞne the equalit y predicate = L called LeibnizÕequality .

(x = L y) ≡ ! P :X →Prop. Px→Py
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Second-o rder deÞna bil ity of the l ogical o perat ions

Despit e the l ogical c onstr uct ion directl y encoded in PTS are implicat ion and universal 
quant iÞcat ion, it is a wel l kn own f act in tha t the u pper -pl ane of the cube the l ogic 
connect ives ∧, ∨, ⊥, Â and ∃ are deÞnable in t er ms of ⊃ and ∀.
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(Prop, Prop) allows the formation of implication of two formulae

! : Prop, " : Prop ! ! " " : Prop

(Set, Prop) allows quanti Þcation over sets

A : Set, ! : Prop ! (! x :A. ! )
! "# $

! x :a. !

: Prop

(Set, Typep) allows the formation of Þrst-order predicates

A : Set ! A " Prop : Typep

hence
A : Set, P : A " Prop, x : A ! Px : Prop

P is a predicate over a set A.
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(Typep, Typep) allows higher order types

A : Set ! (! P :A " Prop. Prop) : Typep

...
A : Set ! A " Prop : Typep

...
A : Set, P : A " Prop ! Prop : Typep

A : Set ! (! P :A " Prop. Prop) : Typep (Typep, Typep)

2.5.5 Exam ple of a der ivat ion tree

! Set : Types

A : Set ! A : Set

! Prop : Typep ! Set : Types

A : Set ! Prop : Typep
! Set : Types

A : Set ! A : Set
A : Set, y : A ! Prop : Typep

A : Set ! A " Prop : Typep (Set, Typep)
(2.1)

...
A : Set, P : A " Prop, x : A ! P : A " Prop

...
A : Set, P : A " Prop, x : A ! x : A

A : Set, P : A " Prop, x : A ! Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A " Prop, x : A, q : Px ! Px : Prop (2.3)

(2.1)
A : Set, P : A " Prop, x : A ! A : Set

(2.2) (2.3)
A : Set, P : A " Prop, x : A ! Px " Px : Prop

(Prop, Prop)

A : Set, P : A " Prop ! (! x :A. Px " Px) : Prop
(Set, Prop)

A : Set ! (! P :A " Prop. ! x :A. Px " Px) : Prop
(Typep, Prop)

(2.4)
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Examples

It is n ot di fÞcu lt t o check tha t the in tui t ionist ic el iminat ion and intr oduct ion 
rules f or the l ogic connect ives (<x, <y, <„, Â and <}) are sound.

Remember

t ext o exemplo 1
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...
A : Set, P : A ! Prop, x : A " P : A ! Prop

...
A : Set, P : A ! Prop, x : A " x : A

A : Set, P : A ! Prop, x : A " Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A ! Prop, x : A, q : Px " Px : Prop (2.3)

(2.1)
A : Set, P : A ! Prop, x : A " A : Set

(2.2) (2.3)
A : Set, P : A ! Prop, x : A " Px ! Px : Prop

(Prop, Prop)

A : Set, P : A ! Prop " (! x :A. Px ! Px) : Prop
(Set, Prop)

A : Set " (! P :A ! Prop. ! x :A. Px ! Px) : Prop
(Typep, Prop)

(2.4)

2.4.6 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical const ruction directly encoded in PTS are implication and universal quanti Þ-
cation, it is a well known fact that in the upper-plane of the cube the logic connectives#, $, %, Â
and & are deÞnable in terms of ' and ( .

¥ For A, B : Prop deÞne

% ) ! ! :Prop. !
ÂA ) A !%

A # B ) ! ! :Prop. (A ! B ! ! ) ! !
A $ B ) ! ! :Prop. (A ! ! ) ! (B ! ! ) ! !

¥ For A : Prop and S : Set deÞne

&x : S.A ) ! ! :Prop. (! x :S. A ! ! ) ! !

¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LeibnizÕequality .

(x = L y) ) ! P :S! Prop. Px ! Py

2.4.7 Exam ples

It is not di" cult to check that the intui tioni sti c elimination and intro duction rules for the logic
connectives(#, $, %, Â and &) are sound.

Remember A # B ) ! ! :Prop. (A ! B ! ! ) ! !

A # B
A

(#E1)

A : Prop, B : Prop, p : A # B " pA(" x :A. " y :B . x) : A

A # B
B

(#E2)

A : Prop, B : Prop, p : A # B " pA(" x :A. " y :B . y) : B20 CHAPTE R 2. TYPE SYSTEM S AND LOGICS

A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A # B # " ). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in ! PROP2 but the term

AND $ ! A :Prop. ! B :Prop. A ! B

cannot. One has to be in ! PROP# to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : ! " :Prop." " pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) $ ! P :X # Prop. Px # Py

Reßexivit y X : Set, x : X " (! P :X # Prop. ! q:Px. q)
! "# $

w

: (x = L x)

Let " $ X : Set, x : X , y : X , t : (x = L y)

" " t : (x = L y) " " (! z :X . z = L x) : X # Prop
" " t(! z :X . z = L x) : (! z :X . z = L x)x # (! z :X . z = L x)y

...
" " t(! z :X . z = L x) : (x = L x) # (y = L x)

(= ! )
" " w : (x = L x)

" " t(! z :X . z = L x)w : (y = L x)

So, X : Set, x : X , y : X , t : (x = L y) " t(! z :X . z = L x)( ! P :X # Prop. ! q:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.
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¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.

In tr oduct ion r ule
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A : Set, P : A ! Prop, x : A " P : A ! Prop

...
A : Set, P : A ! Prop, x : A " x : A

A : Set, P : A ! Prop, x : A " Px : Prop (2.2)

(2.2) (2.2)
A : Set, P : A ! Prop, x : A, q : Px " Px : Prop (2.3)

(2.1)
A : Set, P : A ! Prop, x : A " A : Set

(2.2) (2.3)
A : Set, P : A ! Prop, x : A " Px ! Px : Prop

(Prop, Prop)

A : Set, P : A ! Prop " (! x :A. Px ! Px) : Prop
(Set, Prop)

A : Set " (! P :A ! Prop. ! x :A. Px ! Px) : Prop
(Typep, Prop)

(2.4)

2.4.6 Second-orde r deÞnabil it y of the logical operati ons

Despite the logical const ruction directly encoded in PTS are implication and universal quanti Þ-
cation, it is a well known fact that in the upper-plane of the cube the logic connectives#, $, %, Â
and & are deÞnable in terms of ' and ( .

¥ For A, B : Prop deÞne

% ) ! ! :Prop. !
ÂA ) A !%

A # B ) ! ! :Prop. (A ! B ! ! ) ! !
A $ B ) ! ! :Prop. (A ! ! ) ! (B ! ! ) ! !
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A # B
B

(#E2)
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¥ For S : Set and x, y : S deÞne the equalit y predicate = L called LeibnizÕequality .
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A # B
A

(#E1)
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A # B
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(#E2)
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Eliminat ion r ules
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2.6.7 Examples

It is not di! cult to check that the intui tioni sti c elimination and intro duction rules for the logic
connectives(! , " , # , Â and $) are sound.

Remember A ! B % " ! :Prop. (A & B & ! ) & !

A ! B
A

(! E1)

A : Prop, B : Prop, p : A ! B ' pA(" x :A. " y :B . x) : A

A ! B
B

(! E2)

A : Prop, B : Prop, p : A ! B ' pB(" x :A. " y :B . y) : B

A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B ' ("! :Prop. " p: (A & B & ! ). pab) : A ! B

Note that
A : Prop, B : Prop ' A ! B : Prop

can be derived in " PROP2 but the term

AND % " A :Prop. " B :Prop. A ! B

cannot. One has to be in " PROP# to derive

' AND : Prop& Prop& Prop

.

#
A

(ex falso)

A : Prop, p : " ! :Prop.! ' pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) % " P :X & Prop. Px & Py

Reßexivit y X : Set, x : X ' (" P :X & Prop. " q:Px. q)︸ ︷︷ ︸
w

: (x = L x)

Let # % X : Set, x : X , y : X , t : (x = L y)

58



Examples (cont.)
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A B
A ∧ B

(∧I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A→B→ " ). pab) : A ∧ B

Note that
A : Prop, B : Prop " A ∧ B : Prop

can be derived in ! PROP2 but the term

AND ≡ ! A :Prop. ! B :Prop. A ∧ B

cannot. One has to be in ! PROP# to derive

" AND : Prop→Prop→Prop

.

⊥
A

(ex falso)

A : Prop, p : Π" :Prop." " pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) ≡ ΠP :X →Prop. Px→Py

Reßexivit y X : Set, x : X " (! P :X →Prop. ! q:Px. q)
! "# $

w

: (x = L x)

Let Γ ≡ X : Set, x : X , y : X , t : (x = L y)

Γ " t : (x = L y) Γ " (! z :X . z = L x) : X → Prop
Γ " t(! z :X . z = L x) : (! z :X . z = L x)x → (! z :X . z = L x)y

...
Γ " t(! z :X . z = L x) : (x = L x) → (y = L x)

(= ! )
Γ " w : (x = L x)

Γ " t(! z :X . z = L x)w : (y = L x)

So, X : Set, x : X , y : X , t : (x = L y) " t(! z :X . z = L x)( ! P :X →Prop. ! q:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.
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So, X : Set, x : X , y : X , t : (x = L y) " t(! z :X . z = L x)( ! P :X # Prop. ! q:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.
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A B
A ∧ B

(∧I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A→B→ " ). pab) : A ∧ B

Note that
A : Prop, B : Prop " A ∧ B : Prop

can be derived in ! PROP2 but the term

AND ≡ ! A :Prop. ! B :Prop. A ∧ B

cannot. One has to be in ! PROP# to derive

" AND : Prop→Prop→Prop

.

⊥
A

(ex falso)

A : Prop, p : ! " :Prop." " pA : A

Let us now prove reflexivity and symmetry for the Leibniz equality. Remember that for X : Set,
x, y : X

(x =L y) ≡ ! P :X →Prop. Px→Py

Reflexivity X : Set, x : X " (! P :X →Prop. ! q:Px. q)
! "# $

w

: (x =L x)

Let " ≡ X : Set, x : X , y : X , t : (x =L y)

" " t : (x =L y) " " (! z :X . z =L x) : X → Prop
" " t(! z :X . z =L x) : (! z :X . z =L x)x → (! z :X . z =L x)y

...
" " t(! z :X . z =L x) : (x =L x) → (y =L x)

(=! )
" " w : (x =L x)

" " t(! z :X . z =L x)w : (y =L x)

So, X : Set, x : X , y : X , t : (x =L y) " t(! z :X . z =L x)(! P :X →Prop. ! q:Px. q) : (y =L x)

Ex er cises:

¥ Check the soundness of intuitionistic elimination and introduction rules for the other con-
nectives.

¥ Check that the Leibniz equality is transitive.

cannot.

One has t o be in ! PROP"  t o der ive

but the t er m

can be der ived in ! PROP2,Note tha t
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A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A # B # " ). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in ! PROP2 but the term

AND $ ! A :Prop. ! B :Prop. A ! B

cannot. One has to be in ! PROP# to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : ! " :Prop." " pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) $ ! P :X # Prop. Px # Py

Reßexivit y X : Set, x : X " (! P :X # Prop. ! q:Px. q)
! "# $

w

: (x = L x)

Let " $ X : Set, x : X , y : X , t : (x = L y)

" " t : (x = L y) " " (! z :X . z = L x) : X # Prop
" " t(! z :X . z = L x) : (! z :X . z = L x)x # (! z :X . z = L x)y

...
" " t(! z :X . z = L x) : (x = L x) # (y = L x)

(= ! )
" " w : (x = L x)

" " t(! z :X . z = L x)w : (y = L x)

So, X : Set, x : X , y : X , t : (x = L y) " t(! z :X . z = L x)( ! P :X # Prop. ! q:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.
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A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A # B # " ). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in ! PROP2 but the term

AND $ ! A :Prop. ! B :Prop. A ! B

cannot. One has to be in ! PROP# to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : Π" :Prop." " pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) $ ΠP :X # Prop. Px # Py

Reßexivit y X : Set, x : X " (! P :X # Prop. ! q:Px. q)
! "# $

w

: (x = L x)

Let Γ $ X : Set, x : X , y : X , t : (x = L y)

Γ " t : (x = L y) Γ " (! z :X . z = L x) : X # Prop
Γ " t(! z :X . z = L x) : (! z :X . z = L x)x # (! z :X . z = L x)y

...
Γ " t(! z :X . z = L x) : (x = L x) # (y = L x)

(= ! )
Γ " w : (x = L x)

Γ " t(! z :X . z = L x)w : (y = L x)

So, X : Set, x : X , y : X , t : (x = L y) " t(! z :X . z = L x)( ! P :X # Prop. ! q:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.

ex falso sequitur quodlibet

59

Examples (cont.)
Let u s now prove r eßexivity an d symmetr y f or the Leibn iz equality . Remember 
that f or X : Set, x, y : X

Reßexivity
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A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (λα :Prop. λp:(A # B # α). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in λPROP2 but the term

AND $ λA :Prop. λB :Prop. A ! B

cannot. One has to be in λPROPω to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : ! α :Prop.α " pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) $ ! P :X # Prop. Px # Py

Reßexivit y X : Set, x : X " (λP :X # Prop. λq:Px. q)
! "# $

w

: (x = L x)

Let " $ X : Set, x : X , y : X , t : (x = L y)

" " t : (x = L y) " " (λz :X . z = L x) : X # Prop
" " t(λz :X . z = L x) : (λz :X . z = L x)x # (λz :X . z = L x)y

...
" " t(λz :X . z = L x) : (x = L x) # (y = L x)

(= ! )
" " w : (x = L x)

" " t(λz :X . z = L x)w : (y = L x)

So, X : Set, x : X , y : X , t : (x = L y) " t(λz :X . z = L x)(λP :X # Prop. λq:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.
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A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A # B # " ). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in ! PROP2 but the term

AND $ ! A :Prop. ! B :Prop. A ! B

cannot. One has to be in ! PROP# to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : ! " :Prop." " pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) $ ! P :X # Prop. Px # Py

Reßexivit y X : Set, x : X " (! P :X # Prop. ! q:Px. q)
! "# $

w

: (x = L x)

Let " $ X : Set, x : X , y : X , t : (x = L y)

" " t : (x = L y) " " (! z :X . z = L x) : X # Prop
" " t(! z :X . z = L x) : (! z :X . z = L x)x # (! z :X . z = L x)y

...
" " t(! z :X . z = L x) : (x = L x) # (y = L x)

(= ! )
" " w : (x = L x)

" " t(! z :X . z = L x)w : (y = L x)

So, X : Set, x : X , y : X , t : (x = L y) " t(! z :X . z = L x)( ! P :X # Prop. ! q:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.
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A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A # B # " ). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in ! PROP2 but the term

AND $ ! A :Prop. ! B :Prop. A ! B

cannot. One has to be in ! PROP# to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : ! " :Prop." " pA : A

Let us now prove reflexivity and symmetry for the Leibniz equality. Remember that for X : Set,
x, y : X

(x =L y) $ ! P :X # Prop. Px # Py

Reflexivity X : Set, x : X " (! P :X # Prop. ! q:Px. q)
! "# $

w

: (x =L x)

Let " $ X : Set, x : X , y : X , t : (x =L y)

" " t : (x =L y) " " (! z :X . z =L x) : X # Prop
" " t(! z :X . z =L x) : (! z :X . z =L x)x # (! z :X . z =L x)y

...
" " t(! z :X . z =L x) : (x =L x) # (y =L x)

(=! )
" " w : (x =L x)

" " t(! z :X . z =L x)w : (y =L x)

So, X : Set, x : X , y : X , t : (x =L y) " t(! z :X . z =L x)(! P :X # Prop. ! q:Px. q) : (y =L x)

Ex er cises:

¥ Check the soundness of intuitionistic elimination and introduction rules for the other con-
nectives.

¥ Check that the Leibniz equality is transitive.
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A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A # B # " ). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in ! PROP2 but the term

AND $ ! A :Prop. ! B :Prop. A ! B

cannot. One has to be in ! PROP# to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : ! " :Prop." " pA : A

Let us now prove reflexivity and symmetry for the Leibniz equality. Remember that for X : Set,
x, y : X

(x =L y) $ ! P :X # Prop. Px # Py

Reflexivity X : Set, x : X " (! P :X # Prop. ! q:Px. q)
! "# $

w

: (x =L x)

Let " $ X : Set, x : X , y : X , t : (x =L y)

" " t : (x =L y) " " (! z :X . z =L x) : X # Prop
" " t(! z :X . z =L x) : (! z :X . z =L x)x # (! z :X . z =L x)y

...
" " t(! z :X . z =L x) : (x =L x) # (y =L x)

(=! )
" " w : (x =L x)

" " t(! z :X . z =L x)w : (y =L x)

So, X : Set, x : X , y : X , t : (x =L y) " t(! z :X . z =L x)(! P :X # Prop. ! q:Px. q) : (y =L x)

Exercises:

¥ Check the soundness of intuitionistic elimination and introduction rules for the other con-
nectives.

¥ Check that the Leibniz equality is transitive.
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A B
A ! B

(! I)

A : Prop, B : Prop, a : A, b : B " (!" :Prop. ! p: (A # B # " ). pab) : A ! B

Note that
A : Prop, B : Prop " A ! B : Prop

can be derived in ! PROP2 but the term

AND $ ! A :Prop. ! B :Prop. A ! B

cannot. One has to be in ! PROP# to derive

" AND : Prop# Prop# Prop

.

%
A

(ex falso)

A : Prop, p : Π" :Prop." " pA : A

Let us now prove reßexivity and symmetr y for the Leibniz equalit y. Remember that for X : Set,
x, y : X

(x = L y) $ ΠP :X # Prop. Px # Py

Reßexivit y X : Set, x : X " (! P :X # Prop. ! q:Px. q)
! "# $

w

: (x = L x)

Let Γ $ X : Set, x : X , y : X , t : (x = L y)

Γ " t : (x = L y) Γ " (! z :X . z = L x) : X # Prop
Γ " t(! z :X . z = L x) : (! z :X . z = L x)x # (! z :X . z = L x)y

...
Γ " t(! z :X . z = L x) : (x = L x) # (y = L x)

(= ! )
Γ " w : (x = L x)

Γ " t(! z :X . z = L x)w : (y = L x)

So, X : Set, x : X , y : X , t : (x = L y) " t(! z :X . z = L x)( ! P :X # Prop. ! q:Px. q) : (y = L x)

Ex er cises:

¥ Check the soundness of intu ition istic elimination and intro duction rules for the other con-
nectives.

¥ Check that the Leibniz equalit y is transit ive.

So,

Let

Symmetr y
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Exercices

¥ Check the so undness of in tui t ionist ic el iminat ion and intr oduct ion r ules f or the  
othe r l ogic connect ives.

¥ Check tha t the Leibn iz equality is tr ansit ive.
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